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1 Introduction

1.1 Notation and Terminology

For a, b ∈ R, let ⌊a⌋ denote the largest integer smaller than or equal to a, ⌈a⌉ denote the smallest integer
larger than or equal to a, and a ∧ b and a ∨ b denote the minimum and maximum of a and b, respectively.
Also, a+

.
= a ∨ 0 and a−

.
= −(a ∧ 0). For a set B, 1 (B) is the indicator function of the set B.

For n ∈ N and a closed set V ⊂ Rn, C(V ), Cb(V ), Cc(V ) and C1
b(V ) are respectively, the spaces of real-

valued continuous functions on V , bounded continuous functions on V , continuous functions with compact
support in V , once continuously differentiable functions that together with their first (partial) derivatives
are bounded on V . When V = [0,∞), we will write C[0,∞) for C([0,∞)) and analogously for the other
spaces. For f ∈ Cb(V ), we use ∥f∥V to denote the supremum of |f(s)|, s ∈ V , and for f ∈ Cb[0,∞), we let
∥f∥∞ = ∥f∥[0,∞).

For a metric space (E, d), let DE [0,∞) denote the set of functions defined from [0,∞) into E that are right
continuous with finite left limits and let CE [0,∞) denote the subspace of continuous functions in DE [0,∞).
We endow DE [0,∞) with the usual J1 Skorokhod topology, see e.g., (6).

Let M denote the space of finite non-negative Borel measures on [0,∞),endowed with the Prohorov
metric dp, defined by

dp(µ, µ̃) := inf{ϵ > 0 | µ(A) ≤ µ̃(Aϵ) + ϵ and µ̃(A) ≤ µ(Aϵ) + ϵ for all non-empty Borel sets A ⊂ [0,∞)},

where Aϵ is the open ϵ-neighborhood of A. The induced topology is that of weak convergence of measures.
Moreover, (M, dp) is a separable metric space, and there is an equivalent metric under which it is complete.
Hence it is a Polish space. For every bounded, real-valued, measurable function f on [0,∞) and every ν ∈ M,
define

⟨f, ν⟩ =
∫
[0,∞)

f(x)ν(dx).

Also, define ML to be the L-fold product of spaces (M, dp), endowed with the metric dLp defined by

dLp (µ, µ̃) = max(dp(µℓ, µ̃ℓ); ℓ = 1, ..., L),

for µ = (µ1, ..., µL), µ̃ = (µ̃1, ..., µ̃L) ∈ ML. This space is also a Polish space.

2 Model Description

We consider a single-server queue with infinite capacity waiting room that provides service to jobs of L
different classes indexed by ℓ = 1, ..., L. The server processes only one job at a time, working at unit rate; it
is non-idling in the sense that it is never idle at a time when there is a job in the system, and it operates under
a Discriminatory Random Order of Service policy described below. Jobs are considered to be impatient, that
is, if a job has to wait more than a pre-determined patience time before entering service, it abandons the
system without being served. Jobs have class-specific arrival rates, patience time distributions, and service
time distributions. Fundamental stochastic processes associated with these are now defined.
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2.1 Primitive stochastic processes

Job arrivals.

Jobs of different classes arrive according to independent processes Eℓ, ℓ = 1, ..., L, where for each t ≥ 0,
Eℓ(t) is the number of job arrivals of class ℓ during (0, t]. The arrival processes are assumed to satisfy the
following assumption.

Assumption 2.1 (Arrival processes) For each ℓ = 1, 2, ..., L, Eℓ is a renewal process where the times between
arrivals are independent and identically distributed (i.i.d.) with distribution function GE,ℓ and reciprocal
mean λℓ ∈ (0,∞). It is assumed that GE,ℓ has a Borel measurable density gE,ℓ with respect to Lebesgue
measure on [0,∞).

The letter E here indicates exogenous arrivals.

Patience times.

The patience times of arriving jobs are given by L independent sequences of positive random variables
{ϖℓ,j , j ≥ 1}, ℓ = 1, ..., L. For each ℓ ∈ {1, . . . , L} and j ≥ 1, ϖℓ,j is the time that the jth arrival to class ℓ is
willing to wait in queue before reneging (i.e., abandoning the system). The common distribution function for
class ℓ is denoted by GR,ℓ. We make the following assumption on the patience time distribution functions.
(See Section 2.3 for a description of patience times for jobs that are initially in queue.)

Assumption 2.2 (Patience times) For each ℓ = 1, ..., L, the patience time distribution function GR,ℓ has
a Borel measurable density gR,ℓ with respect to Lebesgue measure on [0,∞), reciprocal mean γℓ ∈ (0,∞),
complementary cumulative distribution function ḠR,ℓ = 1−GR,ℓ that is positive on [0,∞), and hazard rate
function

hR,ℓ(x) :=
gR,ℓ(x)

ḠR,ℓ(x)
x ∈ [0,∞),

that is bounded1.

The subscript R is used here to indicate that the quantities are associated with reneging.

Service times.

The service time requirements of jobs entering service after time zero are determined by L independent
sequences of positive random variables {vℓ,i, i ≥ 1}, ℓ = 1, ..., L. If the class of the ith job to enter service
after time zero is ℓ(i), then vℓ(i),i is the amount of service time required by that job. (The random variables
vℓ′,i for ℓ′ ̸= ℓ(i) are not used.) For ℓ = 1, . . . , L, the common distribution function for the class ℓ service
times is denoted by GS,ℓ and is assumed to satisfy the following assumption. (See Section 2.3 for a description
of the service time requirement of the job that is initially in service (if any).)

Assumption 2.3 (Service times) For each ℓ = 1, ..., L, the service time distribution GS,ℓ has Borel mea-
surable density gS,ℓ on [0,∞), reciprocal mean µℓ ∈ (0,∞), complementary cumulative distribution function
ḠS,ℓ = 1−GS,ℓ that is positive on [0,∞), and hazard rate function

hS,ℓ(x) :=
gS,ℓ(x)

ḠS,ℓ(x)
x ∈ [0,∞),

that is bounded.

The subscript S is used here to indicate that the quantities are associated with service. Let H < ∞ be an
upper bound on the hazard rate of all service and patience time distributions (which exists by Assumptions
2.2 and 2.3), i.e.,

hS,ℓ(x), hR,ℓ(x) ≤ H, for all x ≥ 0, ℓ = 1, ..., L. (2.1)

We assume that the processes/sequences of random variables, Eℓ, {ϖℓ,j , j ≥ 1}, {vℓ,i, i ≥ 1}, ℓ = 1, . . . , L
are all mutually independent.

1Since
∫ b
a hR,ℓ(x)dx = ln(ḠR,ℓ(b))− ln(ḠR,ℓ(a)) for 0 ≤ a < b < ∞, hR,ℓ is not integrable over its support, and hence the

bounded hazard rate assumption necessitates that ḠR,ℓ(x) > 0 for all x ≥ 0.
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2.2 Service policy: Discriminatory Random Order of Service

We consider the queue operating under the so-called Discriminatory Random Order of Service (DROS)
policy. According to this policy, a job enters service immediately upon arrival if the server is idle, and waits
in the queue if the server is busy. Once the service requirement is complete for the job in service, it departs
the system and the server becomes available immediately to serve the next job. The next job to enter
service is randomly chosen from the jobs waiting in queue (if any) according to the following probability law.
Denoting the number of jobs of class ℓ waiting in queue at time t by Qℓ(t), if the server becomes available
at time t > 0 and the queue is nonempty right before t, each given job of class ℓ waiting in queue just before
t (if any) will be chosen for service entry at time t with probability

pℓ∑L
ℓ′=1 pℓ′Qℓ′(t−)

, (2.2)

where (pℓ, ℓ = 1, ..., L) is a probability vector, satisfying pℓ > 0, ℓ = 1, ..., L, and
∑L

ℓ=1 pℓ = 1, that determines
the preferences for different job classes. Here Qℓ′(t−) is the left limit value of Qℓ′ at time t.

More precisely, the random selection of jobs for service entry is determined by a sequence of i.i.d. random
variables {κi, i ≥ 1} uniformly distributed on (0, 1]. These random variables are independent of the primitive
processes defined in the previous subsection. If the ith service entry after time 0 happens at a time t and
the queue is non-empty right before the service entry, the job chosen to enter service at time t is of class ℓ
if κi ∈ (aℓ(t), bℓ(t)], where

aℓ(t) :=

∑ℓ−1
ℓ′=1 pℓ′Qℓ′(t−)∑L
ℓ′=1 pℓ′Qℓ′(t−)

, bℓ(t) :=

∑ℓ
ℓ′=1 pℓ′Qℓ′(t−)∑L
ℓ′=1 pℓ′Qℓ′(t−)

= aℓ(t) +
pℓQℓ(t−)∑L

ℓ′=1 pℓ′Qℓ′(t−)
. (2.3)

In addition, all jobs of class ℓ waiting in queue right before the entry time (if any) are equally likely to be
selected, and hence, each such job is selected with a probability given by (2.2). On the other hand, if the
ith service entry results from a job arrival when the server is idle, no random selection for service entry is
required and κi is discarded.

2.3 State Descriptor

For every ℓ = 1, ..., L, recall that Qℓ(t) denotes the number of jobs of class ℓ waiting in queue at time t, and

let QΣ(t) =
∑L

ℓ=1 Qℓ(t) be the total number of jobs waiting in queue at time t. We index individual jobs of
each class by integers in the order of their arrival as follows: jobs of class ℓ have their indices in the set

Zℓ := {−Qℓ(0) + 1, ...,−1, 0, 1, ....},

where non-positive indices −Qℓ(0) + 1, ...,−1, 0 are assigned to the Qℓ(0) jobs that are initially in queue
(if any), and positive indices are assigned to the jobs that arrive after time t = 0. The jobs are ordered
according to their arrival times with jobs having arrived earlier having smaller indices. Each job is then
uniquely determined by its class-index pair (ℓ, j) : ℓ ∈ {1, ..., L}, j ∈ Zℓ.

Since the patience, service and interarrival times are not (necessarily) exponentially distributed, to have
a Markovian state description of the system, we keep track of the age in queue for each job that is currently
waiting in queue, the class and time in service of the job currently in service (if any), as well as the time
since the last arrival to each class2.

We first describe the ages of the jobs in queue. If a job with index (ℓ, j) is in queue at time t, let wℓ,j(t)
denote the age in queue of the job at time t, which is the amount of time that the job has spent in queue
since its arrival (see (4.1) for a full description). We record the age in queue of all waiting jobs at time t
in a vector ν(t) = (νℓ(t); ℓ = 1, ..., L) of measure-valued variables defined as follows. At time t, let Qℓ(t) be
the set of indices of the jobs of class ℓ that are waiting in queue at time t, and define the measure νℓ(t) on
[0,∞) by

νℓ(t) :=
∑

j∈Qℓ(t)

δwℓ,j(t), (2.4)

2Alternatively, one could choose to keep track of residual patience, service and interarrival times.
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where δa is the Dirac delta measure at a. Therefore, νℓ(t) is the sum of Dirac delta masses located at the
age in queue of each job of class ℓ waiting in queue at time t, and takes values in the space M of finite
non-negative Borel measures on [0,∞) (see (4.10) for a full description). Note that

Qℓ(t) = ⟨1, νℓ(t)⟩, (2.5)

where 1 is the constant function on [0,∞) with value 1.
To describe the state of the server, for each t ≥ 0, we define the pair (a(t), I(t)) as follows: if the server

is busy at time t, a(t) and I(t) are, respectively, the age in service (the time passed since entry to service)
and the class of the job currently in service at time t; if the server is idle at time t (i.e., no job in service),
we define a(t) = 0 and I(t) = 0.

For arrivals, for each t ≥ 0 and ℓ ∈ {1, . . . , L}, we define {rℓ(t), t ≥ 0} to be the backward recurrence
time of the arrival process Eℓ, so that rℓ(t) is the time since the last arrival in [0, t]. If there has been no
arrival in [0, t], then rℓ(t) = t.

The process
{(rℓ(t), νℓ(t); ℓ = 1, ..., L, a(t), I(t)) ; t ≥ 0}

is a Markovian descriptor for our queueing system. However, we do not use the Markov property of this
process directly, and hence do not prove this claim.

2.4 Initial Conditions

The initial condition for our queueing system is described by the collection of random variables

Q0 := {ν(0) = (νℓ(0); ℓ = 1, ..., L), a(0), I(0)}. (2.6)

Note that a valid initial condition must be consistent with the non-idling assumption: when I(0) = 0 (which
means the server is initially idle), one must have a(0) = 0 and νℓ(0) is the zero measure on [0,∞), for each
ℓ = 1, ..., L. The number of jobs initially in queue and their initial ages can be recovered from ν(0): for
ℓ = 1, ..., L, the number of jobs of class ℓ initially in queue is given by

Qℓ(0) = ⟨1, νℓ(0)⟩, (2.7)

and, given our indexing convention, the initial ages wℓ,j(0) of jobs with indices (ℓ, j) with j = −Qℓ(0) +
1, ...,−1, 0 are given by the locations of the delta masses in νℓ(0) in a manner that the jobs with smaller
indices j have larger initial ages in queue. For convenience, we let wℓ,j(0) = 0 for j ≤ −Qℓ(0).

Recall that the patience times of jobs of class ℓ arriving after time zero are given by the i.i.d. sequence
{ϖℓ,j , j ≥ 1}. However, for jobs initially in service, the patience times are defined slightly differently.
Consider L independent sequences {ϖ̃ℓ,j , j ≤ 0}, ℓ = 1, ..., L, where for each ℓ, ϖ̃ℓ,j , j ≤ 0, are conditionally
independent of all other random elements given ν(0) and satisfy

P {ϖ̃ℓ,j > x|ν(0)} =
1−GR,ℓ(x+ wℓ,j(0))

1−GR,ℓ(wℓ,j(0))
, x ≥ 0.

Moreover, define
ϖℓ,j = wℓ,j(0) + ϖ̃ℓ,j , ℓ = 1, ..., L, j ≤ 0. (2.8)

For each ℓ = 1, ..., L, the quantities {ϖℓ,j ; j = −Qℓ(0) + 1, ...,−1, 0} are the patience times of jobs of class ℓ
that are initially in service, while {ϖ̃ℓ,j ; j = −Qℓ(0) + 1, ...,−1, 0} are the residual patience times of those
jobs at time 0. The variables ϖℓ,j(0) and ϖ̃ℓ,j for j ≤ −Qℓ(0) will not be used in our model description,
they are introduced for convenience so that we do not have sequences of random variables of random length.

Similarly, for the job initially in service, the service requirement time is defined as follows. Define random
variables {ṽℓ,0}, ℓ = 1, ..., L, that are conditionally independent of all other random elements given a(0), and
satisfy

P (ṽℓ,0 > x|a(0)) = 1−GS,ℓ(x+ a(0))

1−GS,ℓ(a(0))
.
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Moreover, define vℓ,0 = a(0) + ṽℓ,0 for ℓ = 1, ..., 0, and

v0 :=

L∑
ℓ=1

1 (I(0) = ℓ) vℓ,0. (2.9)

When the server is not initially idle (i.e. I(0) ̸= 0), v0 is the service requirement of the job initially in service,
and ṽℓ,0 is the residual service requirement of that job at time 0 if the job is of class ℓ.

Remark 2.1 Given the initial conditions, the stochastic processes and random variables underlying the
model are

• the arrival processes {Eℓ; ℓ = 1, ..., L},

• the patience times {ϖℓ,j ; ℓ = 1, ..., L; j ∈ Z},

• the job selection random variables {κi; i ≥ 1},

• the service time requirements {vℓ,i; i ≥ 0, ℓ = 1, ..., L}.

Initial conditions and the random elements listed above are all defined on a common probability space
(Ω,F ,P). All other random times and state variables can be constructed as functions of the above system
primitives.

3 Main Results

3.1 Fluid scaling

To obtain a fluid limit result for the G/G/1+G queue, we accelerate the arrival processes and effective
service rate by a positive integer scale factor of m, while keeping the patience time distribution unchanged.
The initial conditions may change somewhat with m. We scale the queue length processes Qℓ, and the
measure-valued processes νℓ, by the factor 1/m. The fluid limit is obtained by taking m → ∞. We formally
define the scaling below.

Consider a sequence of queueing systems as described above, indexed by a parameter m. The corre-
sponding quantities in the mth system are annotated with a superscript of m. In the mth system, the arrival
process Em

ℓ for each class ℓ ∈ {1, . . . , L} satisfies Em
ℓ (t) = Eℓ(mt) for all t ≥ 0, where Eℓ is as in Section

2.1. The patience time distributions are kept unchanged, hence

G
m

R,ℓ(x) = GR,ℓ(x), gmR,ℓ(x) = gR,ℓ(x), hm
R,ℓ(x) = hR,ℓ(x), x ∈ [0,∞).

Indeed, we can take ϖm
ℓ,j = ϖℓ,j for ℓ = 1, . . . , L and j ≥ 1, where the {ϖℓ,j , j ≥ 1}, ℓ = 1, . . . , L are

defined as in Section 2.1. The ϖm
ℓ,j for j ≤ 0 can be defined as in Section 2.4, using νm(0) and the associated

distributions Gm
R,ℓ.

To produce an effective service rate of m in the mth system, the server continues to work at unit rate,
but the service time requirements in the mth system are scaled by 1/m, and hence, the complementary c.d.f.
G

m

S,ℓ, the density gmS,ℓ, and hazard rate function hm
S,ℓ of the service times in the mth system are given by

G
m

S,ℓ(x) = GS,ℓ(mx), gmS,ℓ(x) = mgS,ℓ(mx), hm
S,ℓ(x) = mhS,ℓ(mx), x ∈ [0,∞).

Indeed, the service times {vmℓ,i, i ≥ 1} can be defined by vmℓ,i = 1
mvℓ,i where the {vℓ,i, i ≥ 1 are defined as

in Section 2.1 for ℓ = 1, . . . , L. The vmℓ,0 can be defined as in Section 2.4 with vmℓ,0, G
m
S,ℓ, a

m(0) in place of
vℓ,0, GS,ℓ, a(0), ℓ = 1, . . . , L.

We define the fluid scaled processes ν̄mℓ and Q̄m
ℓ , ℓ = 1, ..., L, by

ν̄mℓ (t) =
1

m
νmℓ (t), Q̄m

ℓ (t) =
1

m
Q̄ℓ(t), t ≥ 0.

Remark 3.1 Alternatively, a sequence of queueing systems indexed by m can be defined by keeping the
arrival processes and service times unchanged, scaling the patience times by the factor m, speeding up time,
and scaling the “mass” of jobs by 1/m. This scaling would lead to the same fluid limit as the procedure
described above.
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3.2 Fluid limit theorem

The main result of this paper is to establish a fluid limit result for the multiclass G/G/1+G queue with a
Discriminatory Random Order of Service (DROS) policy as described above. The next assumption, on the
convergence of initial conditions, is necessary for our results.

Assumption 3.1 The sequence {ν̄m(0)}m∈N is tight in ML.

Note that by (2.7) and the continuous mapping theorem, Assumption 3.1 implies that

sup
m

E
[
Q̄m

ℓ (0)
]
< ∞. (3.1)

Theorem 3.1 The sequence {ν̄m = (ν̄m1 , ..., ν̄mL )}m∈N is C-tight in DML [0,∞). Moreover, for any weakly
convergence subsequence {ν̄mk} of {ν̄m}, the weak limit ν̄ = (ν̄1, ..., ν̄L) satisfies the following almost surely:
for every ℓ = 1, ..., L and every f ∈ C1

b [0,∞),

⟨f, ν̄ℓ(t)⟩ =⟨f, ν̄ℓ(0)⟩+
∫ t

0

⟨f ′, ν̄ℓ(s)⟩ds+ λℓf(0)

∫ t

0

1 (ν̄(s) ̸= 0) ds−
∫ t

0

⟨fhR,ℓ, ν̄ℓ(s)⟩ds (3.2)

−
∫ t

0

1 (ν̄(s) ̸= 0)
pℓ⟨f, ν̄ℓ(s)⟩∑L

ℓ′=1
pℓ′
µℓ′

⟨1, ν̄ℓ′(s)⟩
ds, for all t ≥ 0,

where 0 is the vector of zero measures in ML.

Remark 3.2 Note that we are not assuming uniqueness of the limit ν̄, this may depend on the subsequence
chosen.

4 Dynamics of the State Variables

4.1 Some auxiliary processes

For each class ℓ = 1, ..., L, recall that the arrival process Eℓ of class ℓ is a renewal process satisfying
Assumption 2.1, and that Zℓ = {−Qℓ(0) + 1, ...,−1, 0, 1, 2, ...} is the index set of jobs of that class. The
arrival time of each job (ℓ, j), j ∈ Zℓ, is denoted by αℓ,j . For jobs with indices j ≥ 1 that arrive after time
t = 0, the arrival times are given by the epoch times of the arrival process Eℓ. However, for jobs that are
initially in queue, the arrival times are non-positive and are determined by the initial conditions, namely,
αℓ,j = −wℓ,j(0) for j ∈ {−Qℓ(0) + 1, ..., 0}, where wℓ,j(0) is the initial age in queue of the job (ℓ, j). Next,
recall that for any ℓ = 1, ..., L and j ∈ Zℓ, the job with index (ℓ, j) has a patience time ϖℓ,j that is a member
of the i.i.d. sequence described in Assumption 2.2 for jobs that arrive after time zero, and by (2.8) for jobs
initially in queue. The age in queue, wℓ,j(t), of the job with index (ℓ, j) at time t ≥ 0 is given by

wℓ,j(t) =

{
(t− αℓ,j)

+ if t < αℓ,j +ϖℓ,j ,

ϖℓ,j if t ≥ αℓ,j +ϖℓ,j .
(4.1)

Namely, wℓ,j(t) is zero before the job arrives, then it grows linearly with rate one until it reaches the job’s
patience time at the time σℓ,j := αℓ,j + ϖℓ,j , which we call the expiration time of the job (ℓ, j). If the
job (ℓ, j) is still in queue immediately prior to its expiration time (i.e. has not yet entered service), then it
leaves the system at its expiration time without receiving service. We assume that jobs do not renege while
receiving service.

Recall that a job may enter service either upon arrival (if the server is idle right before its arrival) or right
after the service completion of another job (through being selected for service entry by the DROS policy
after having waited in queue). The service entry time of a job (ℓ, j) is denoted by βℓ,j . By convention, we
define βℓ,j = +∞ if the job (ℓ, j) reneges before it could have entered service. Finally, recall that the service
time requirements are determined by L sequences of i.i.d. random variables {vℓ,i; i ≥ 1}, ℓ = 1, ..., L, whose
distributions satisfy Assumption 2.3. Namely, to the ith job to enter service, a service time requirement vℓ,i
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is assigned if that job is of class ℓ, and the other vℓ′,i for ℓ
′ ̸= ℓ are discarded. Each job remains in service

until its service requirement is completed, and then it departs the system and the server will be available
immediately for the next job to enter service.

Using the notation introduced above, we can define auxiliary processes that help us described the dy-
namics of the state descriptors. First, note that the arrival processes satisfy

Eℓ(t) =
∑
j∈Zℓ

1 (0 < αℓ,j ≤ t) =

∞∑
j=1

1 (αℓ,j ≤ t) . (4.2)

Next, since the set Qℓ(t) of jobs of class ℓ that are waiting in queue at time t is in fact the set of jobs of class
ℓ that have arrived to the system, but have not yet reneged or entered service by time t, it can be expressed
as

Qℓ(t) = {j ≥ −Qℓ(0) + 1 : αℓ,j ≤ t, σℓ,j > t, βℓ,j > t}.

The process {Rℓ,j(t); t ≥ 0} defined by3

Rℓ,j(t) := 1 (σℓ,j ≤ t)1 (j ∈ Qℓ(σℓ,j−)) , t ≥ 0, (4.3)

indicates whether the job (ℓ, j) has reneged from the queue at any given time t, and the total number of
renegings of jobs of class ℓ during (0, t] is then given by

Rℓ(t) =
∑
j∈Zℓ

Rℓ,j(t). (4.4)

Moreover, the process {Kℓ,j(t); t ≥ 0} defined as

Kℓ,j(t) := 1 (βℓ,j ≤ t) ,

indicates whether the job (ℓ, j) has entered service by time t, and therefore, the number of service entries
Kℓ(t) of jobs of class ℓ and the total number of service entries K(t) during (0, t] are given by

Kℓ(t) =
∑
j∈Zℓ

Kℓ,j(t) and K(t) =

L∑
ℓ=1

Kℓ(t), (4.5)

respectively. In addition, he process {KQ
ℓ,j(t); t ≥ 0} defined as

KQ
ℓ,j(t) := 1 (j ∈ Qℓ(βℓ,j−))1 (βℓ,j ≤ t) =

∫ t

0

1 (j ∈ Qℓ(u−)) dKℓ,j(u), (4.6)

indicates whether the job (ℓ, j) has yet entered service by time t after waiting in queue and being selected
by DROS policy, and

KQ
ℓ (t) :=

∑
j∈Zℓ

KQ
ℓ,j(t)

denotes the total number of such service entries for jobs of class ℓ during (0, t].
For brevity of notation in the equations derived in the next section, we define the following functional-

valued versions of the reneging and service entry processes. For every f ∈ C1
b [0,∞) and ℓ = 1, ..., L, and

t ≥ 0, define

Rℓ(f ; t) :=
∑
j∈Zℓ

f(ϖℓ,j)1(j ∈ Qℓ(σℓ,j−))1 (σℓ,j ≤ t) =
∑
j∈Zℓ

∫ t

0

f(wℓ,j(u))dRℓ,j(u), (4.7)

and

Kℓ(f ; t) :=
∑
j∈Zℓ

f(wℓ,j(βℓ,j))1 (j ∈ Qℓ(βℓ,j−))1 (βℓ,j ≤ t) =
∑
j∈Zℓ

∫ t

0

f(wℓ,j(s))dK
Q
ℓ,j(u). (4.8)

3By definition, the set valued function u 7→ Qℓ(u) is piecewise constant and hence the definition of Qℓ(u−) is unambiguous.
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Roughly speaking, Rℓ(·; t) keeps track of patience times (or equivalently, the age in queue at reneging time)
of those jobs of class ℓ that reneged from the system during [0, t], and Kℓ(·; t) keeps track of the age in queue
at the service entry time for those jobs of class ℓ that entered service during [0, t] after waiting in queue.
Note that jobs that enter service directly upon arrival are not counted in Kℓ, and in fact,

KQ
ℓ (t) = Kℓ(1; t). (4.9)

Finally, using the notation introduced in this section we can express νℓ(t) as follows:

νℓ(t) =

Eℓ(t)∑
j=−Qℓ(0)+1

δwℓ,j(t)1 (σℓ,j > t)1 (βℓ,j > t) . (4.10)

Remark 4.1 It follows from (4.10) and the identity Qℓ(t) = ⟨1, νℓ(t)⟩ that

Qℓ(t) ≤ Qℓ(0) + Eℓ(t). (4.11)

Moreover, since the expiration time and service entry time of a job are always after its arrival time, we
obtain the elementary bound

Rℓ(t) ≤ Qℓ(0) + Eℓ(t), (4.12)

and,
Kℓ(t) ≤ Qℓ(0) + Eℓ(t), (4.13)

for all t ≥ 0. These bounds are used later in Section 6.

Remark 4.2 The model has a simpler behavior on a subset of realizations Ω̃ ⊆ Ω on which all arrivals,
renegings, and departures of all jobs of all classes occur on distinct times, the number of initial jobs in
queue is finite, and for every finite time t, the total number of arrivals (and hence renegings and departures)
occurred during (0, t] is finite. It is easy to see that Ω̃ has full measure. The proof is straightforward and
hence is omitted; it follows from the fact that the distributions of interarrival times, patience times, and
service times have densities, the assumption that the arrival processes have finite means, and assumption
3.1. The remainder of the results in this paper hold on Ω̃, and hence, almost surely.

4.2 Dynamics of measure-valued state descriptors

To describe the dynamics of the vector of measure-valued state variables ν = (νℓ; ℓ = 1, ..., L), we study the
actions of νℓ, ℓ = 1, ..., L, on the set of test functions f ∈ C1

b [0,∞).

Proposition 4.1 Almost surely, for every ℓ = 1, ..., L, t ≥ 0, and f ∈ C1
b [0,∞), νℓ satisfies

⟨f, νℓ(t)⟩ = ⟨f, νℓ(0)⟩+
∫ t

0

⟨f ′, νℓ(s)⟩ds+ f(0)

∫ t

0

1 (I(s−) ̸= 0) dEℓ(s)−Rℓ(f ; t)−Kℓ(f ; t). (4.14)

The terms on the right-hand side of the display above are due to, respectively, the initial condition, the
linear growth of ages of jobs in queue, the arrival of new jobs (with age 0 at the time of their arrival), jobs
leaving the queue due to abandonment, and jobs leaving the queue due to service entry. The rest of this
section is devoted to the proof of Proposition 4.1.

Fix a test function f ∈ C1
b [0,∞) and t ≥ 0. For every ℓ = 1, ..., L, since νℓ is right-continuous by

construction, we have

⟨f, νℓ(t)⟩ − ⟨f, νℓ(0)⟩ = lim
n→∞

⌊nt⌋∑
k=0

〈
f, νℓ

(
k + 1

n

)
− νℓ

(
k

n

)〉
= I1 + I2, (4.15)

where

I1 := lim
n→∞

⌊nt⌋∑
k=0

〈
f

(
·+ 1

n

)
, νℓ

(
k

n

)〉
−

〈
f, νℓ

(
k

n

)〉
, (4.16)
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and

I2 := lim
n→∞

⌊nt⌋∑
k=0

〈
f, νℓ

(
k + 1

n

)〉
−
〈
f

(
·+ 1

n

)
, νℓ

(
k

n

)〉
. (4.17)

We first compute I1.

Lemma 4.1 Almost surely, for every f ∈ C1
b [0,∞) and t ≥ 0,

I1 =

∫ t

0

⟨f ′, νℓ(s)⟩ds. (4.18)

Proof. Proof. For every s, u ≥ 0, define

F (s, u) = ⟨f(·+ s), νℓ(u)⟩ =
∫
[0,∞)

f(x+ s)νℓ(u, dx).

Using this notation, we can write

⌊nt⌋∑
k=0

〈
f

(
·+ 1

n

)
, νℓ

(
k

n

)〉
−

〈
f, νℓ

(
k

n

)〉
=

⌊nt⌋∑
k=0

{
F

(
1

n
,
k

n

)
− F

(
0,

k

n

)}
. (4.19)

Since f is continuously differentiable with bounded derivative f ′ and νℓ(u) is a finite measure, for every
u ≥ 0, the mapping s 7→ F (s, u) is continuously differentiable with derivative ∂sF (s, u) = ⟨f ′(· + s), νℓ(u)⟩.
Therefore, by the mean value theorem, there exist sn,k ∈ (0, 1/n), for n ∈ N, k = 0, ..., ⌊nt⌋, such that

⌊nt⌋∑
k=0

{
F

(
1

n
,
k

n

)
− F

(
0,

k

n

)}
=

1

n

⌊nt⌋∑
k=0

∂sF

(
sn,k ,

k

n

)

=
1

n

⌊nt⌋∑
k=0

∂sF

(
0,

k

n

)
+

1

n

⌊nt⌋∑
k=0

{
∂sF

(
sn,k,

k

n

)
− ∂sF

(
0,

k

n

)}
. (4.20)

First, since f ′ is bounded and continuous, the mapping u 7→ ∂sF (0, u) = ⟨f ′, νℓ(u)⟩ is right-continuous and
hence, is Riemann integrable, and thus,

lim
n→∞

1

n

⌊nt⌋∑
k=0

∂sF

(
0,

k

n

)
=

∫ t

0

⟨f ′, νℓ(u)⟩du. (4.21)

To bound the other summation, fix any ϵ > 0. Define T = max{wℓ,j(0) | j = −Qℓ(0) + 1, ..., 0}+ t, which is
finite since Qℓ(0), and note that by definition, wℓ,j(u) ≤ T for every j ∈ Zℓ and u ∈ [0, t]. This implies

⟨f ′, νℓ(u)⟩ =
∑

j∈Qℓ(u)

f ′(wℓ,j(u)) =

∫
[0,T ]

f ′(x)νℓ(u, dx), u ∈ [0, t].

Moreover, since f ′ is continuous, it is uniformly continuous on [0, T + 1] and thus for large enough n,
|f ′(x+ sn,k)− f ′(x)| < ϵ for every x ∈ [0, T ] and k = 1, ..., ⌊nt⌋. Therefore, for all such n,

1

n

⌊nt⌋∑
k=0

∣∣∣∣∂sF (
sn,k,

k

n

)
− ∂sF

(
0,

k

n

)∣∣∣∣ ≤ 1

n

⌊nt⌋∑
k=0

∫
[0,T ]

|f ′(x+ sn,k)− f ′(x)| νℓ
(
k

n
, dx

)

≤ ϵ

n

⌊nt⌋∑
k=0

Qℓ

(
k

n

)
≤ϵt

(
Qℓ(0) + Eℓ(t)

)
, (4.22)
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where the last inequality uses (4.11). Recalling definition (4.16) and combining (4.19)-(4.22), we conclude
that for every ϵ > 0, ∣∣∣∣I1 − ∫ t

0

⟨f ′, νℓ(u)⟩du
∣∣∣∣ ≤ ϵt(Qℓ(0) + Eℓ(t)).

Since ϵ > 0 was arbitrary, the desired result follows on letting ϵ → 0. □
The computation of I2 is more involved. For every t ≥ 0 and δ > 0, define the set Ωt,δ to be the set of

realizations for which there is at most one arrival, reneging, or departure happening during (t, t+ δ].

Lemma 4.2 For every ℓ = 1, ...L, s ≥ 0, δ > 0, and f ∈ C1
b [0,∞), on Ωs,δ we have

⟨f, νℓ(s+ δ)⟩ = ⟨f(·+ δ), νℓ(s)⟩+
∑
j∈Zℓ

f(wℓ,j(s+ δ))1 (I(s) ̸= 0)1 (αℓ,j ∈ (s, s+ δ]) (4.23)

−
∑
j∈Zℓ

f(wℓ,j(s) + δ)1 (j ∈ Qℓ(s))1 (σℓ,j ∈ (s, s+ δ])

−
∑
j∈Zℓ

f(wℓ,j(s) + δ)1 (j ∈ Qℓ(s))1 (βℓ,j ∈ (s, s+ δ]) .

The first term on the right-hand side above captures the effect of unit-rate growth of ages of jobs in queue,
while the next three terms represent the adjustments due to a possible arrival, reneging, or service entry
during (s, s+ δ].

Proof. Proof. By (2.4),

⟨f, νℓ(s+ δ)⟩ =
∑

j∈Qℓ(s+δ)

f(wℓ,j(s+ δ)). (4.24)

The set Qℓ(s+ δ) of jobs of class ℓ waiting in queue at time s+ δ admits the partition

Qℓ(s+ δ) = Qold
ℓ (s+ δ) ∪̇ Qnew

ℓ (s+ δ), (4.25)

where Qold
ℓ (s + δ) := Qℓ(s + δ) ∩ Qℓ(s) is the set of jobs that have been in queue since time s, and

Qnew
ℓ (s + δ) = Qℓ(s + δ)\Qℓ(s) is the set of jobs that have joined the queue during (s, s + δ]. For a job

j ∈ Qold
ℓ (s+ δ), the age in queue has increased by δ since time s, that is, wℓ,j(s+ δ) = wℓ,j(s)+ δ. Moreover,

the jobs that are in Qℓ(s) but not in Qold
ℓ (s+ δ) have left the queue, either due to reneging or service entry,

during (s, s+ δ]. Therefore,∑
j∈Qold

ℓ (s+δ)

f(wℓ,j(s+ δ)) =
∑

j∈Qℓ(s)

f(wℓ,j(s) + δ)−
∑
j∈Zℓ

f(wℓ,j(s) + δ)1 (j ∈ Qℓ(s))1 (σℓ,j ∈ (s, s+ δ])

−
∑
j∈Zℓ

f(wℓ,j(s) + δ)1 (j ∈ Qℓ(s))1 (βℓ,j ∈ (s, s+ δ]) . (4.26)

On the other hand, on Ωs,δ, if a job arrives during (s, s+ δ], no other events (reneging, departure, or other
arrivals) can occur during that interval. In that case, the newly arrived job either directly enters service if
the system is empty at time s (i.e., if I(s) = 0), or otherwise, joins the queue and remains in the queue until
time s+ δ, and hence belongs to Qnew

ℓ (s+ δ). Therefore, on Ωs,δ,∑
j∈Qnew

ℓ (s+δ)

f(wℓ,j(s+ δ)) =
∑
j∈Zℓ

f(wℓ,j(s+ δ))1 (I(s) ̸= 0)1 (αℓ,j ∈ (s, s+ δ]) (4.27)

The equation (4.23) follows on substituting (4.25)-(4.27) in (4.24). □
For a fixed ω ∈ Ω̃ (see Remark 4.2) and t ≥ 0, the time difference between any two events (arrival,

reneging, or departure) is strictly positive and the total number of such events during (0, t] is finite. Therefore,
the minimum time distance δ∗ between any two such events during (0, t] is positive, and hence, any interval of
length less than δ∗ contains at most one arrival, reneging or departure. Therefore, for every large n (namely,
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n > 1/δ∗) and k = 0, ..., ⌊nt⌋, we can invoke Lemma 4.2 and obtain (4.23) with s = k/n and δ = 1/n.
Substituting (4.23) in (4.17) and changing the order of summation over k and j, we have

I2 = lim
n→∞

{ ∑
j∈Zℓ

⌊nt⌋∑
k=0

f

(
wℓ,j

(
k + 1

n

))
1

(
I

(
k

n

)
̸= 0

)
1

(
αℓ,j ∈

(
k

n
,
k + 1

n

])
(4.28a)

−
∑
j∈Zℓ

⌊nt⌋∑
k=0

f

(
wℓ,j

(
k

n

)
+

1

n

)
1

(
j ∈ Qℓ

(
k

n

))
1

(
σℓ,j ∈

(
k

n
,
k + 1

n

])
(4.28b)

−
∑
j∈Zℓ

⌊nt⌋∑
k=0

f

(
wℓ,j

(
k

n

)
+

1

n

)
1

(
j ∈ Qℓ

(
k

n

))
1

(
βℓ,j ∈

(
k

n
,
k + 1

n

])}
. (4.28c)

Note that the total number of arrivals, renegings, and service entries during (0, t] is finite, which justifies
changing the order of summation. We now compute the limit as n → ∞ in each term on the right-hand side
above separately.

In (4.28a), the summation over k is non-zero only for jobs j that arrive during (0, (⌊nt⌋ + 1)/n]. For
such a job j, the summand is non-zero only for a single interval (k/n, k/n + 1/n] that contains αℓ,j , which
corresponds to k/n = αℓ,j,n := (⌈nαℓ,j⌉ − 1)/n. Therefore, the limit of the double sum in (4.28a) can be
written as

lim
n→∞

∑
j∈Zℓ

f

(
wℓ,j

(
αℓ,j,n +

1

n

))
1 (I(αℓ,j,n) ̸= 0)1

(
0 < αℓ,j ≤

⌊nt⌋+ 1

n

)
.

Furthermore, we can interchange the order of summation and the limit because the summand is non-zero
only for finitely many j ∈ Zℓ. Using the continuity of f and wℓ,j , the fact that αℓ,j,n ↑ αℓ,j as n → ∞,
wℓ,j(αℓ,j) = 0, and the fact that I is piecewise constant, the last display can be written as∑

j∈Zℓ

f(0)1(I(αℓ,j−) ̸= 0)1 (0 < αℓ,j ≤ t) = f(0)

∫ t

0

1 (I(s−) ̸= 0) dEℓ(s),

where the representation (4.2) of Eℓ is used. Similarly, since Qℓ(·) is piecewise constant, the limit of the
double sum in (4.28b) can be simplified as

lim
n→∞

∑
j∈Zℓ

f

(
wℓ,j (σℓ,j,n) +

1

n

)
1 (j ∈ Qℓ(σℓ,j,n))1

(
σℓ,j ≤

⌊nt⌋+ 1

n

)
=

∑
j∈Zℓ

f(wℓ,j(σℓ,j)1(j ∈ Qℓ(σℓ,j−)))1 (σℓ,j ≤ t)

= Rℓ(f ; t),

where σℓ,j,n := (⌈nσℓ,j⌉− 1)/n ↑ σℓ,j as n → ∞, and the identity wℓ,j(σℓ,j) = ϖℓ,j and definition (4.7) of Rℓ

are used. Finally, the limit of the double sum in (4.28c) can similarly be simplified as

lim
n→∞

∑
j∈Zℓ

f

(
wℓ,j (βℓ,j,n) +

1

n

)
1 (j ∈ Qℓ(βℓ,j,n))1

(
βℓ,j ≤

⌊nt⌋+ 1

n

)
=

∑
j∈Zℓ

f(wℓ,j(βℓ,j))1 (j ∈ Qℓ(βℓ,j−))1 (βℓ,j ≤ t)

= Kℓ(f ; t),

where βℓ,j,n := (⌈nβℓ,j⌉ − 1)/n ↑ βℓ,j as n → ∞, and definition (4.8) of Kℓ is used.
Substituting the last three displays in (4.28a)-(4.28c) for I2, we obtain

I2 = f(0)

∫ t

0

1(I(s−) ̸= 0)dEℓ(s)−Rℓ(f ; t)−Kℓ(f ; t). (4.1)

Equation (4.14) then follows on substituting equalities (4.18) and (4.1) in (4.15). This concludes the proof
of Proposition 4.1.
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5 Martingale Decompositions

The goal of this section is to construct martingale decompositions for auxiliary processes describing the
dynamics of the state variables in equation (4.14). This is an important step in the proof of Theorem 3.1.
The result is summarized Proposition 5.1 below.

We start by constructing a marked point process T = {(τk, zk); k ∈ N} that records all activities in the
system. The increasing sequence (τk; k ∈ N), which we call event times, contains all times of entry to the
system, all times at which a job reneges, and all times at which a job departs the system (recall from Remark
4.2 that almost surely, all such times are distinct). The sequence (zk; k ∈ N) of marks appended to the event
times is defined as follows.

• Each arrival time is marked by (E, ℓ, j), where E indicates that the event is an arrival and ℓ and j are
the class and the index of the job arrived, respectively.

• Each reneging time is marked by (R, ℓ, j) where R indicates that the event is a reneging and ℓ and j
are the class and the index of the job reneged.

• For departure times, recall that by the non-idling condition, when the queue is non-empty right before
a departure, that departure is followed (immediately) by a service entry. Such a departure time is
marked by (D, ℓ, j) where D indicates that the event is a departure and ℓ and j are the class and
index of the job that consequently entered service. For a departure that leaves the system empty (i.e.
when the queue is empty right before the departure), the departure time is marked by (D, ∅) where ∅
indicates that no service entry is followed by this departure.

The marked point process T is constructed inductively. Namely, the event time τk+1 after τk is the
minimum of the next arrival time, the next expiration time among the jobs waiting in queue, and the next
departure time after τk. Therefore, defining τE,ℓ

k+1 to be the next arrival time of a job of class ℓ after τk,

and τDk+1 to be the next departure time after τk if the server is busy at τk and τDk+1 = +∞ otherwise, and
recalling that σℓ,j is the expiration time of the job (ℓ, j), one has

τk+1 = min{τE,ℓ
k+1; ℓ = 1, ..., L} ∧min{σℓ,j ; ℓ = 1, ..., L, j ∈ Qℓ(τk)} ∧ τDk+1. (5.1)

Define {Ft; t ≥ 0} to be the filtration generated by the marked point process T (also called the internal
history of T ; see page 2 of (4)).

We can now state the main result of this section.

Proposition 5.1 For every ℓ = 1, ..., L and f ∈ C1
b [0,∞), there exist {Ft}-martingales {MR,ℓ(f ; t); t ≥ 0}

and {MS,ℓ(f ; t); t ≥ 0} such that, almost surely,

⟨f, νℓ(t)⟩ =⟨f, νℓ(0)⟩+ f(0)

∫ t

0

1 (I(s−) ̸= 0) dEℓ(s)−
∫ t

0

⟨fhR,ℓ, νℓ(s)⟩ds

−
∫ t

0

hS,I(s−) (a(s))
pℓ⟨f, νℓ(s)⟩∑L
ℓ′=1 pℓ′Qℓ′(s)

ds+MR,ℓ(f ; t) +MS,ℓ(f ; t), t ≥ 0. (5.2)

The proposition is proved at the end of this section.

5.1 General theory of marked point processes

For a given mark z, define T (z; ·) to be the process that counts events with mark z that happened up to
time t:

T (z; t) =
∑
k∈N

1 (τk ≤ t)1 (zk = z) . (5.3)

As detailed in the next two sections, the auxiliary processes describing the dynamics of the state variables in
equation (4.14) can be written in terms of Stieltjes integrals with respect to counting processes of the from
(5.3). We use the theory of marked point processes to characterize the stochastic intensities for the process
T (z; t) (see (4, Definition II.D7) for a definition of stochastic intensity), and then invoke the elementary
Lemma 5.2 below to construct martingale decompositions for our auxiliary processes of interest.
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Proposition 5.2 For a fixed mark z and at each event time τk, suppose the conditional distribution, given
the past Fτk , of the next event time with mark z admit a density, that is, there exists a sequence of measurable
functions {gzk; k ≥ 1} such that for every interval A ⊂ [0,∞),

P (τk+1 − τk ∈ A, zk+1 = z|Fτk) (ω) =

∫
A

gzk+1(ω, x)dx, (5.4)

almost surely. Then, the process ∑
k≥0

gzk+1(t− τk)

P (τk+1 > t|Fτk)
1 (τk ≤ t < τk+1) . (5.5)

is an {Ft}-stochastic intensity of T (z; ·).

Proof. Proof. The result follows from Theorem T7, comment (β) below the theorem in (4, page 61), and
the fact that the sequence {τk; k ≥ 1} of event times is non-explosive, almost surely (see Remark 4.2). □

To invoke Proposition 5.2 for finding stochastic intensities of counting processes of the form (5.3), we
need to compute conditional distributions of the next arrival times, the next expiration times for jobs in
queue, and the next departure time after τk, conditioned on Fτk . Recall the sequence of selection random
variables {κi; i ≥ 1}, and note that the value of κK(τk)+1 determines the next job after τk to be drawn from
the queue (if any) for service entry.

Lemma 5.1 For every k ≥ 0, τE,ℓ
k+1, ℓ = 1, ..., L, σℓ,j , ℓ = 1, ..., L, j ∈ Qℓ(τk), τDk+1, and κK(τk)+1 are

conditionally independent given Fτk . Moreover, almost surely, for ℓ = 1, ..., L and j ∈ Z,

1 (j ∈ Qℓ(τk))P
(
σℓ,j − τk > x

∣∣Fτk

)
= 1 (j ∈ Qℓ(τk))

GR,ℓ(wℓ,j(τk) + x)

GR,ℓ(wℓ,j(τk))
, x > 0, (5.6)

1 (I(τk) ̸= 0)P
(
τDk+1 − τk > x

∣∣Fτk

)
= 1 (I(τk) ̸= 0)

GS,I(τk)(a(τk) + x)

GS,I(τk)(a(τk))
, x > 0, (5.7)

and
P
(
κK(τk)+1 > x|Fτk

)
= 1− x, x ∈ [0, 1]. (5.8)

The result in Lemma 5.1 is intuitive and follows from the independence of the interarrival, patience times,
service times, and service entry selection random variable. However, a completely rigorous proof is rather
technical, although involving fairly routine calculations. Hence, we omit the proof, and refer the reader to
Appendix A for details.

Lemma 5.2 Let N be a point process adapted to {Ft} with an {Ft}-intensity u, and let θ be a locally

bounded, {Ft}-predictable process. Define ζ(t) :=
∫ t

0
θ(s)dN(s). Then M(t) := ζ(t)−

∫ t

0
θ(s)u(s)ds, t ≥ 0, is

a local {Ft}-martingale with quadratic variation

[M ](t) =

∫ t

0

θ2(s)dN(s), t ≥ 0. (5.9)

Proof. Proof. The proof is elementary and follows from (4, Lemma II.L3) and (11, Equation (18.1) in
Chapter IV)). □

5.2 Martingale Decomposition for Reneging

Recall that the event time at which a job (ℓ, j) reneges system is marked by (R, ℓ, j). Therefore, the process
Rℓ,j that indicates whether the job (ℓ, j) has yet reneged by time t has the representation

Rℓ,j(t) =
∑
k∈N

1 (τk ≤ t)1 (zk = (R, ℓ, j)) = T ((R, ℓ, j); t) (5.10)

We can therefore use Proposition 5.2 to compute stochastic intensity of Rℓ,j .

Lemma 5.3 For every ℓ = 1, ..., L and j ∈ Zℓ, an {Ft}-stochastic intensity of Rℓ,j is given by

{1 (j ∈ Qℓ(t))hR,ℓ (wℓ,j(t)) ; t ≥ 0}. (5.11)
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Proof. Proof. To invoke Proposition 5.2, we first need to compute the conditional density g
(R,ℓ,j)
k+1 defined

as

P
(
τk+1 − τk ∈ A, zk+1 = (R, ℓ, j)

∣∣Fτk

)
=

∫
A

g
(R,ℓ,j)
k+1 (x)dx, A ∈ B[0,∞), (5.12)

The next event has a mark zk+1 = (R, ℓ, j) if the job (ℓ, j) is in the queue at time τk and its expiration

time occurs prior to the other possible events after τk. Define τ−R,ℓ,j
k+1 to be the minimum of all possible

event times after τk except for the expiration time of job (ℓ, j), that is,

τ−R,ℓ,j
k+1 := min{τE,ℓ′

k+1 ; ℓ
′ = 1, ..., L} ∧min{σℓ′,j′ ; ℓ

′ = 1, ..., L, j′ ∈ Qℓ′(τk), (ℓ
′, j′) ̸= (ℓ, j)} ∧ τDk+1.

Then, on {j ∈ Qℓ(τk)}, τk+1 = σℓ,j ∧ τ−R,ℓ,j
k+1 and τ−R,ℓ,j

k+1 and σℓ,j are conditionally independent given Fτk ,
according to Lemma 5.1. Therefore, by (5.6),

1 (j ∈ Qℓ(τk))P
(
τk+1 − τk > t, zk+1 = (R, ℓ, j)

∣∣Fτk

)
= 1 (j ∈ Qℓ(τk))P

(
σℓ,j > τk + t, τ−R,ℓ,j

k+1 > σℓ,j

∣∣Fτk

)
= 1 (j ∈ Qℓ(τk))

∫ ∞

t

gR,ℓ(w(τk) + s)

GR,ℓ(w(τk))
P
(
τ−R,ℓ,j
k+1 > τk + s

∣∣Fτk

)
ds (5.13)

Moreover, on {j ̸∈ Qℓ(τk)} where the job (j, ℓ) is not waiting in queue at time τk, the next event after τk
cannot be the reneging time of (j, ℓ) and hence, the probability on the right-hand side of (5.12) is zero.

Therefore, the conditional density g
(R,ℓ,j)
k+1 exists, and for t ≥ τk,

g
(R,ℓ,j)
k+1 (t− τk) = 1 (j ∈ Qℓ(τk))

gR,ℓ(wℓ,j(τk) + t− τk)

GR,ℓ(wℓ,j(τk))
P
(
τ−R,ℓ,j
k+1 > t

∣∣Fτk

)
. (5.14)

In addition, analogous to the calculations in (5.13), on {j ∈ Qℓ(τk)}, for every k ≥ 0 and t ≥ τk we have

1 (j ∈ Qℓ(τk))P (τk+1 > t|Fτk) = 1 (j ∈ Qℓ(τk))P
(
τ−R,ℓ,j
k+1 > t|Fτk

)
P (σℓ,j > t|Fτk)

= 1 (j ∈ Qℓ(τk))P
(
τ−R,ℓ,j
k+1 > t|Fτk

) GR,ℓ(wℓ,j(τk) + t− τk)

GR,ℓ(wℓ,j(τk))
. (5.15)

Plugging (5.14) and (5.15) in (5.5), recalling that hR,ℓ = gR,ℓ/GR,ℓ is the hazard rate function associated
to the patience times of jobs of class ℓ, and noting that Qℓ is constant during each interval (τk, τk+1) and
that wℓ,j is continuous and grows linearly during each interval (τk, τk+1) where j ∈ Qℓ(τk), we conclude that
the process

∞∑
k=0

1 (j ∈ Qℓ(τk))hR,ℓ(wℓ,j(τk) + t− τk)1 (τk ≤ t < τk+1) = 1 (j ∈ Qℓ(t))hR,ℓ(wℓ,j(t))

is an {Ft}-intensity of Rℓ,j . □

Lemma 5.4 For every f ∈ C1
b [0,∞) and ℓ = 1, ..., L, the process {Rℓ(f ; t); t ≥ 0} admits a decomposition

Rℓ(f ; t) =

∫ t

0

⟨fhR,ℓ, νℓ(s)⟩ds+MR,ℓ(f ; t) (5.16)

where {MR,ℓ(f ; t); t ≥ 0} is a local {Ft}-martingale with quadratic variation

[MR,ℓ(f ; ·)](t) = R(f2; t). (5.17)
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Proof. Proof. By definition (4.7), we can write Rℓ as

Rℓ(f ; t) =
∑
j∈Zℓ

Rℓ,j(f ; t), (5.18)

where

Rℓ,j(f ; t) =

∫ t

0

f(wℓ,j(s−))dRℓ,j(s). (5.19)

Consider the setup of Lemma 5.2 with N replaced by Rℓ,j , θ(t) replaced by f(wℓ,j(t−)), and ζ(t) replaced by
Rℓ,j(f ; t). Using the from of stochastic intensity of Rℓ,j given by Lemma 5.3, the process {MR,ℓ,j(f ; t); t ≥ 0}
defined as

MR,ℓ,j(f ; t) := Rℓ,j(f ; t)−
∫ t

0

1 (j ∈ Qℓ(s)) f((wℓ,j(s))hR,ℓ(wℓ,j(s))ds (5.20)

is a local martingale. Summing (5.20) over j ∈ Zℓ, by definition (2.4) of νℓ, we obtain,

Rℓ(f ; t) =

∫ t

0

∑
j∈Zℓ

1 (j ∈ Qℓ(s)) f((wℓ,j(s))hR,ℓ(wℓ,j(s))ds+
∑
j∈Zℓ

MR,ℓ,j(f ; t)

=

∫ t

0

⟨fhR,ℓ, νℓ(t)⟩+MR,ℓ(f ; t)

where MR,ℓ(f ; ·) :=
∑

j∈Zℓ
MR,ℓ,j(f ; ·) is a local martingale.

Moreover, almost surely, for j, j′ ∈ Zℓ and j′ ̸= j, Rℓ,j(f, ·) and Rℓ,j′(f, ·) are bounded pure jump
processes with no common jump times. Therefore,

[Rℓ,j(f ; ·)](t) =
∫ t

0

f2(wℓ,j(s−))dRℓ,j(s) = Rℓ,j(f
2; t),

and [Rℓ,j(f, ·),Rℓ,j′(f, ·)] ≡ 0. Together with the fact that Rℓ(f ; ·)−MR,ℓ(f ; ·) is a continuous process with
finite variation, this implies

[MR,ℓ(f ; ·)] = [Rℓ(f ; ·)] = [
∑
j∈Zℓ

Rℓ,j(f ; ·)] =
∑
j∈Zℓ

[Rℓ,j(f ; ·)] =
∑
j∈Zℓ

Rℓ,j(f
2; ·) = Rℓ(f

2; ·).

□

5.3 Martingale Decomposition for Service Entry

Recall that a job may enter service either upon arrival if the server is idle right before its arrival, or right
after departure of another job by being selected by the DROS policy while waiting in queue. The process
{KQ

ℓ,j(t); t ≥ 0}, defined in (4.6), indicates whether the job (ℓ, j) has yet entered service after waiting in
queue through being selected by DROS policy by time t. Recalling that the time of this service entry is
marked by (D, ℓ, j), KQ

ℓ,j has the representation

KQ
ℓ,j(t) =

∑
k∈N

1 (τk ≤ t)1 (zk = (D, ℓ, j)) = T ((D, ℓ, j); t). (5.21)

Lemma 5.5 For every ℓ = 1, ..., L and j ∈ Zℓ, an F-stochastic intensity of KQ
ℓ,j is given by

{1 (j ∈ Qℓ(t))hS,I(t) (a(t))
pℓ∑L

ℓ′=1 pℓ′Qℓ′(t)
; t ≥ 0}. (5.22)
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Proof. Proof. To invoke Proposition 5.2, we first need to compute the conditional density g
(D,ℓ,j)
k+1 defined

through

P
(
τk+1 − τk ∈ A, zk+1 = (D, ℓ, j)

∣∣Fτk

)
=

∫
A

g
(D,ℓ,j)
k+1 (x)dx, A ∈ B[0,∞). (5.23)

The next event after τk has a mark zk+1 = (D, ℓ, j) if 1) the next event after τk is a departure, and 2)
the job (ℓ, j) is waiting in queue at τk and is selected for service entry by DROS service policy. Recall that
τDk+1 is the next departure time after τk, and define τ−D

k+1 to be the minimum of all other possible event times
after τk except for the next departure, that is,

τ−D
k+1 := min{τE,ℓ

k+1; ℓ = 1, ..., L} ∧min{σℓ,j ; ℓ = 1, ..., L, j ∈ Qℓ(τk)}.

Then τk+1 = τDk+1 ∧ τ−D
k+1, and τ−D

k+1 and τDk+1 are conditionally independent given Fτk , according to Lemma
5.1. Moreover, on j ∈ Qℓ(τk) and when τk+1 is a departure time, K(τk+1) = K(τk) + 1 indicates the total
number of service entries up to time τk+1, and hence, the class and index of the next job selected by DROS
policy to enter service (if any) at τk+1 is determined by κK(τk)+1, which is conditionally independent of τ−D

k+1

and τDk+1 given Fτk , by another application of Lemma 5.1. Therefore, by (5.7) and (5.8),

P
(
τk+1 − τk > t, zk+1 = (D, ℓ, j)

∣∣Fτk

)
= P

(
τDk+1 > τk + t, τ−D

k+1 > σℓ,j , κK(τk)+1 ∈ Iℓ,j(τk)
∣∣Fτk

)
,

where Iℓ,j(τk) is a subinterval of (aℓ(τk+1), bℓ(τk+1)], such that κK(τk)+1 ∈ Iℓ,j(τk) leads to the selection of
(ℓ, j) for the next service entry. By (2.2), the length of the subinterval Iℓ,j(τk) equals

pℓ∑L
ℓ′=1 pℓ′Qℓ′(τk+1−)

=
pℓ∑L

ℓ′=1 pℓ′Qℓ′(τk)
,

when j ∈ Qℓ(τk), and equals 0 otherwise. Therefore, the right-hand side of display above can be written as

P
(
τk+1 − τk > t, zk+1 = (D, ℓ, j)

∣∣Fτk

)
=

1 (j ∈ Qℓ(τk))
pℓ∑L

ℓ′=1 pℓ′Qℓ′(τk)

∫ ∞

t

gS,I(τk)(a(τk) + s)

GS,I(τk)(a(τk))
P
(
τ−D
k+1 > τk + s

∣∣Fτk

)
ds. (5.24)

Therefore, the conditional density g
(D,ℓ,j)
k+1 exists, and for t ≥ τk,

g
(D,ℓ,j)
k+1 (t− τk) = 1 (j ∈ Qℓ(τk))

gS,I(τk)(a(τk) + t− τk)

GS,I(τk)(a(τk))

pℓ∑L
ℓ′=1 pℓ′Qℓ′(τk)

P
(
τ−D
k+1 > t

∣∣Fτk

)
. (5.25)

Similarly, using τk+1 = τDk+1 ∧ τ−D
k+1 and independence of τDk+1 and τ−D

k+1, for every k ≥ 0 and t ≥ τk we have

1 (j ∈ Qℓ(τk))P (τk+1 > t|Fτk) = 1 (j ∈ Qℓ(τk))P
(
τ−D
k+1 > t|Fτk

) GS,I(τk)(a(τk) + t)

GS,I(τk)(a(τk))
. (5.26)

Plugging (5.25) and (5.26) in (5.5) of Proposition 5.2, recalling that hS,ℓ = gS,ℓ/GS,ℓ is the hazard rate
function associated to the service times of jobs of class ℓ, and noting that Qℓ is constant during each interval
(τk, τk+1) and that wℓ,j is continuous and grows linearly during each interval (τk, τk+1) where j ∈ Qℓ(τk),
we conclude that the process

∞∑
k=0

1 (j ∈ Qℓ(τk))hS,I(τk)(a(τk) + t− τk)
pℓ∑L

ℓ′=1 pℓ′Qℓ′(τk)
1 (τk ≤ t < τk+1)

= 1 (j ∈ Qℓ(t))hS,I(t)(a(t))
pℓ∑L

ℓ′=1 pℓ′Qℓ′(t)
.

is an {Ft}-intensity of KQ
ℓ,j . □
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Proposition 5.3 For every f ∈ C1
b [0,∞) and ℓ = 1, ..., L, the process {Kℓ(f ; t); t ≥ 0} admits a decomposi-

tion

Kℓ(f ; t) =

∫ t

0

hS,I(s) (a(s))
pℓ⟨f, νℓ(s)⟩∑L
ℓ′=1 pℓ′Qℓ′(s)

ds+MS,ℓ(f ; t), (5.27)

where {MS,ℓ(f ; t); t ≥ 0} is a local {Ft}-martingale with quadratic variation

[MS,ℓ](t) = Kℓ(f
2; t).

Proof. Proof. We can write
Kℓ(f ; t) =

∑
j∈Z

Kℓ,j(f ; t), (5.28)

where

Kℓ,j(f ; t) =

∫ t

0

f(wℓ,j(s−))dKQ
ℓ,j(s). (5.29)

Consider the setup of Lemma 5.2 with N replaced by KQ
ℓ,j , θ(t) replaced by f(wℓ,j(t−), and ζ(t) replaced

by Kℓ,j(f ; t). Using the from of stochastic intensity of Kℓ,j given by Lemma 5.5, the process {MS,ℓ,j(f ; t); t ≥
0} defined as

MS,ℓ,j(f ; t) := Kℓ,j(f ; t)−
∫ t

0

1 (j ∈ Qℓ(s))hS,I(s) (a(s)) f((wℓ,j(s))
pℓ∑L

ℓ′=1 pℓ′Qℓ′(s)
ds (5.30)

is a local martingale. Summing (5.30) over j ∈ Zℓ, by definition (2.4) of νℓ we obtain

Kℓ(f ; t) =

∫ t

0

∑
j∈Zℓ

1 (j ∈ Qℓ(s))hS,I(s) (a(s)) f((wℓ,j(s))
pℓ∑L

ℓ′=1 pℓ′Qℓ′(t−)
ds+

∑
j∈Zℓ

MS,ℓ,j(f ; t)

=

∫ t

0

hS,I(s) (a(s))
pℓ⟨f, νℓ(s)⟩∑L
ℓ′=1 pℓ′Qℓ′(s)

ds+MS,ℓ(f ; t),

where MS,ℓ(f ; ·) :=
∑

j∈Zℓ
MS,ℓ,j(f ; ·) is a local martingale.

Moreover, almost surely, for j, j′ ∈ Zℓ and j′ ̸= j, Kℓ,j(f, ·) and Kℓ,j′(f, ·) are bounded pure jump
processes with no common jump times. Therefore,

[Kℓ,j(f ; ·)](t) =
∫ t

0

f2(wℓ,j(s−))dKQ
ℓ,j(s) = Kℓ,j(f

2; t).

and [Kℓ,j(f, ·),Kℓ,j′(f, ·)] ≡ 0. Together with the fact that Kℓ(f ; ·)−MS,ℓ(f ; ·) is a continuous process with
finite variation, this implies

[MS,ℓ(f ; ·)] = [Kℓ(f ; ·)] = [
∑
j∈Zℓ

Kℓ,j(f ; ·)] =
∑
j∈Zℓ

[Kℓ,j(f ; ·)] =
∑
j∈Zℓ

Kℓ,j(f
2; ·) = Kℓ(f

2; ·).

□

6 Proof of Convergence

This section is devoted to the proof of Theorem 3.1. We Consider a sequence of scaled DROS queues with
arrival processes, service times and patience time as described in Section 3.1, and study the asymptotic
properties of of the sequence of state variables {ν̄m}m∈N, by proving tightness and characterizing its subse-
quential limits. First, we study dynamic evolution of the scaled processes in Section 6.1. Section 6.2 contains
a law of large numbers limit for primitive processes. In Section 6.3, we prove tightness for the fluid-scaled
sequence of state variables and other auxiliary processes, and finally, subsequential limits are characterized
in section 6.4.

Throughout this section, to simplify notation, for f ∈ Cb[0,∞), we use ∥f∥ to denote ∥f∥∞ = sups∈[0,∞) |f(s)|.
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6.1 Dynamics of the Scaled Processes

Recall from section 3.1 that we consider a sequence of queueing systems indexed by m, where arrival process
and service rates are accelerated. Writing equation (4.14) for the the queueing system indexed by m, dividing
both sides of the equation by m, recalling that Ēm

ℓ = Em
ℓ /m, and defining the fluid scaled quantities

R̄m
ℓ (t) =

1

m
Rm

ℓ (t), R̄m
ℓ (f ; t) =

1

m
Rm

ℓ (f ; t), K̄m
ℓ (t) =

1

m
Km

ℓ (t), K̄m
ℓ (f ; t) =

1

m
Km

ℓ (f ; t), (6.1)

we can write the equations governing the dynamics of the fluid-scaled processes ν̄mℓ as

⟨f, ν̄mℓ (t)⟩ = ⟨f, ν̄mℓ (0)⟩+
∫ t

0

⟨f ′, ν̄mℓ (s)⟩ds+ f(0)

∫ t

0

1 (Im(s−) ̸= 0) dĒm
ℓ (s)− R̄m

ℓ (f ; t)− K̄m
ℓ (f ; t). (6.2)

In addition, invoking Propositions 5.4 and 5.3 for the queueing system with index m, we can write the
martingale decompositions for the fluid-scaled processes R̄m

ℓ and K̄m
ℓ . Namely, recalling that hm

R,ℓ = hR,ℓ

and hm
S,ℓ(x) = mhS,ℓ(mx), for every f ∈ C1

b [0,∞) we have

R̄m
ℓ (f ; t) =

∫ t

0

⟨fhR,ℓ, ν̄
m
ℓ (s)⟩ds+ M̄m

R,ℓ(f ; t), (6.3)

where {M̄m
R,ℓ(f ; t); t ≥ 0} is a local F-martingale with quadratic variation

[M̄m
R,ℓ(f ; ·)]t =

1

m2
Rm

ℓ (f2; t), (6.4)

and

K̄m
ℓ (f ; t) =

∫ t

0

hS,Im(s) (mam(s))
pℓ⟨f, ν̄mℓ (s)⟩∑L
ℓ′=1 pℓ′Q̄

m
ℓ′ (s)

ds+ M̄m
S,ℓ(f ; t), (6.5)

where {M̄m
S,ℓ(f ; t); t ≥ 0} is a local F-martingale with quadratic variation

[M̄m
S,ℓ(f ; ·)]t =

1

m2
Km

ℓ (f2; t). (6.6)

Plugging (6.3) and (6.5) in (6.7), we obtain

⟨f, ν̄mℓ (t)⟩ =⟨f, ν̄mℓ (0)⟩+ f(0)

∫ t

0

1
(
X̄(s−) > 0

)
dĒm

ℓ (s) +

∫ t

0

⟨f ′ − fhR,ℓ, ν̄
m
ℓ (s)⟩ds

−
∫ t

0

hS,Im(s) (mam(s))
pℓ⟨f, ν̄mℓ (s)⟩∑L
ℓ′=1 pℓ′Q̄

m
ℓ′ (s)

ds+ M̄m
R,ℓ(t) + M̄m

S,ℓ(t). (6.7)

6.2 Convergence of Primitives and Martingale Terms

Lemma 6.1 For every ℓ = 1, ..., L, almost surely, Ēm
ℓ → λℓId in D[0,∞) as m → ∞, where Id(t) = t is

the identity function. Also for every t ≥ 0, E
[
Ēm

ℓ (t)
]
→ λℓt as m → ∞.

Proof. Proof. This first assertion follows from standard law of large numbers results for renewal processes,
see e.g. (5, Theorem 5.10). The second assertion follows from elementary renewal theorem; see (2, Proposition
V.1.4).

□

Corollary 6.1 It follows from Assumptions 3.1 and Lemma 6.1 that for every T < ∞, there exists a constant
CT < ∞ such that for t ∈ [0, T ],

sup
m

E
[
Q̄m

ℓ (0) + Ēm
ℓ (t)

]
< CT . (6.8)
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For every ℓ = 1, ..., L, define the sequences of (random) measures {L̄m
ℓ } and {H̄m

ℓ } as

L̄m
ℓ :=

1

m

m∑
ℓ=1

δκj
vℓ,j , H̄m

ℓ :=
1

m

m∑
ℓ=1

δκj

∫ vℓ,j

0

hS,ℓ(u)du, (6.9)

where recall that {κi; i = 1, 2, ...} is the i.i.d. sequence of random variables that determines the random job
selection in the DROS algorithm. For every m, both measures above take values in M[0,1], the set of finite
non-negative measures on [0, 1]. Note that both measures are constructed directly using primitives of the
queueing system. The following elementary law of large number result will be used later in Section 6.4

Lemma 6.2 For every ℓ = 1, ..., L,

L̄m
ℓ ⇒ 1

µℓ
L (6.10)

and
H̄m

ℓ ⇒ L (6.11)

as m → ∞, where L is the Lebesgue measure on [0, 1].

Proof. Proof. The result basically follows from the law of large numbers, independence of κjs and vℓ,js,
and the facts that E[vℓ,j ] = 1/µℓ and

E
[∫ vℓ,j

0

hS,ℓ(u)du

]
=

∫ ∞

0

(∫ x

0

hS,ℓ(u)du

)
gS,ℓ(x)dx =

∫ ∞

0

gS,ℓ(u)

Ḡs,ℓ(u)

∫ ∞

u

gS,ℓ(x)dxdu =

∫ ∞

0

gS,ℓ(u)du = 1.

□
The next two lemmas prove that the martingale terms on the right hand of (6.7) vanish as m → ∞.

Lemma 6.3 Fix f ∈ C1
b [0,∞) and ℓ = 1, ..., L. Then,

M̄m
R,ℓ(f ; ·) ⇒ 0

as m → ∞, uniformly on compact sets.

Proof. Proof. Fix T < ∞. By (6.4), the definition (4.7) of Rm
ℓ , the elementary bound (4.12) (for the mth

queue), and the bound (6.8) obtained from Assumption 3.1, for t ∈ [0, T ] we have

E
[
[M̄m

R,ℓ(f ; ·)]t
]
≤ ∥f2∥

m2
E [Rm

ℓ (t)] ≤ ∥f2∥
m

E
[
Q̄m

ℓ (0) + Ēm
ℓ (t)

]
≤ ∥f∥2

m
CT < ∞.

Therefore, by (10, Theorem 7.35), {M̄m
R,ℓ(f ; t); t ≥ 0} is a square integrable F-martingale. Moreover, by

Doob’s inequality, for every ϵ > 0,

lim sup
m→∞

P
(∣∣∣∣ sup

0≤t≤T
M̄m

R,ℓ(t)

∣∣∣∣ > ϵ

)
≤ lim sup

m→∞

∥f∥2

m
CT = 0,

which in turn shows that, uniformly on compact sets, {M̄m
R,ℓ(f ; ·)}m converges to zero in probability, and

hence in distribution. □

Lemma 6.4 Fix f ∈ C1
b [0,∞) and ℓ = 1, ..., L. Then,

M̄m
S,ℓ(f ; ·) ⇒ 0

as m → ∞, uniformly on compact sets.

20



preprint

Proof. Proof. Fix T < ∞. By (6.6), the definition (4.8) of Km
ℓ , the elementary bound (4.12) (for the mth

queue), and the bound (6.8) obtained from Assumption 3.1, for t ∈ [0, T ] we have

E
[
[M̄m

S,ℓ(f ; ·)]t
]
≤ ∥f2∥

m2
E [Km

ℓ (t)] ≤ ∥f2∥
m

E
[
Q̄m

ℓ (0) + Ēm
ℓ (t)

]
≤ ∥f∥2

m
CT < ∞.

Therefore, by (10, Theorem 7.35), {M̄m
S,ℓ(f ; t); t ≥ 0} is a square integrable F-martingale. Moreover, by

Doob’s inequality, for every ϵ > 0,

lim sup
m→∞

P
(∣∣∣∣ sup

0≤t≤T
M̄m

S,ℓ(t)

∣∣∣∣ > ϵ

)
≤ lim sup

m→∞

∥f∥2

m
CT = 0,

which in turn shows that, uniformly on compact sets, {M̄m
S,ℓ(f ; ·)}m converges to zero in probability, and

hence in distribution. □

6.3 Proof of Tightness

Recall that for a metric space (E, d), a tight sequence of DE [0,∞)-valued random elements is called C-tight
if every subsequential limit takes values in CE [0,∞), almost surely.

Proposition 6.1 The random sequence {ν̄m}m∈N taking values in DML [0,∞) is C-tight.

The proof is given at the end of this section.

6.3.1 Review of Tightness Criteria

We first recall tightness criteria for sequences of random elements in different spaces. Recall from Section
1.1 that w′(f, ·, ·) denotes the modulus of continuity of a function f in D[0,∞).

Proposition 6.2 (Kurtz’s criteria for tightness in D[0,∞)) A sequence of processes {Y m}m∈N with
sample paths in D[0,∞) is tight if and only if it satisfies the following:

K1. For every rational t ≥ 0,
lim
r→∞

sup
m

P (|Y m(t)| > r) = 0; (6.12)

K2a. For every η > 0 and T > 0, there exists δ > 0 such that

sup
m

P (w′(Y m, δ, T ) ≥ η) ≤ η. (6.13)

Moreover, {Y m}m∈N is tight if it satisfies K1 and the following condition:

K2b. For each T ≥ 0, there exists β > 0 such that

lim
δ→0

sup
m

E
[

sup
0≤t≤T

|Y m(t+ δ)− Y m(t)|β
]
= 0. (6.14)

Proof. Proof. The necessity and sufficiency of K1 and K2a follow from (6, Theorem 3.7.2) and the
sufficiency of K1 and K2b follows from (6, Theorems 3.7.2 and 3.8.6 and Remark 3.8.7). □

The spaces (M, dp) is a separable metric space and thus, it is a completely regular topological space
with metrizable compacts, and hence, so is (ML, dLp ). Therefore, we can invoke Jakubowski’s criteria (8,

Theorem 4.6) for tightness of ML-valued processes.

Proposition 6.3 (Jakubowski’s criteria) A sequence {πm = (πm
1 , ..., πm

L )}m∈N of DML [0,∞)-valued ran-
dom elements is tight if

J1. (Compact containment condition) For each T > 0 and η > 0 there exists a compact set CT,η ⊂ M such
that for every ℓ = 1, ..., L,

lim inf
m

P (πm
ℓ (t) ∈ CT,η for all t ∈ [0, T ]) > 1− η.

J2. For every ℓ = 1, ..., L and f ∈ C1
c [0,∞), the sequence {⟨f, πm

ℓ ⟩}m∈N is tight in D[0,∞).
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Proof. Proof. Condition J1 clearly implies the compact containment condition for the sequence {πm =
(πm

1 , ..., πm
L )}, that is

lim inf
m

P
(
πm(t) ∈ CL

T,η for all t ∈ [0, T ]
)
> 1− η,

where the L-fold product CL
T,η = CT,η × ....×CT,η is a compact subset of ML. Moreover, define F to be the

family of real-valued continuous functionals on ML that have the form

F (µ) =

N∑
n=1

L∏
ℓ=1

⟨fn
ℓ , µℓ⟩, ∀µ = (µ1, ..., µL) ∈ ML

for some N ∈ N and fn
ℓ ∈ C1

c [0,∞), n = 1, ..., N, ℓ = 1, ..., L. Note that the set F is closed under addition,
and separates points in ML, that is, for every distinct µ, µ̃ ∈ ML, there exists a function F ∈ F such
that F (µ) ̸= F (µ̃). In addition, condition J2 implies that {πm}m∈N is F-tight, that is, for every F ∈ F,
{F (µm)}m∈N is tight in D[0,∞). The result then follows from (8, Theorem 4.6). □

For π ∈ DML [0,∞), the jump size J(π) of π is defined as

J(π) = sup
t>0

dLp (π(t), π(t−)).

The next result from (3) shows that when jump sizes of a sequences of random process in DML [0,∞) vanish,
the sequence is in fact C-tight.

Proposition 6.4 A tight sequence {πm = (πm
1 , ..., πm

L )}m∈N of DML [0,∞)-valued random elements is C-
tight if and only if J(πm) ⇒ 0 as m → ∞.

Proof. Proof. The result follows from applying Theorem 13.4 in (3) to any converging subsequence of
{πm}m∈N. □

6.3.2 Proof of Compact Containment

For any constants M > 0, define the subset C̃M of M as

C̃M := {µ ∈ M : ⟨1, µ⟩, ⟨χ, µ⟩ < M},

where recall that 1(x) = 1 and χ(x) = x for all x ≥ 0. It follows from compactness conditions (9, Theorem
4.2) for subsets of M that the closure CM of C̃M is a compact subset of M.

Lemma 6.5 For every T < ∞ and η > 0, there exists M = M(T, η) such that for every ℓ = 1, ..., L,

lim inf
m

P (ν̄mℓ (t) ∈ CM for all t ∈ [0, T ]) > 1− η. (6.15)

Proof. Proof. Recall that ⟨1, ν̄mℓ ⟩ = Q̄m
ℓ (t) is the fluid-scaled number of jobs of class ℓ waiting in queue

at time t. The mass balance inequality (4.11) and monotonicity of Em
ℓ implies that for every t ∈ [0, T ],

Q̄m
ℓ (t) ≤ Q̄m

ℓ (0) + Ēm
ℓ (T ), and hence, using the bound (6.8), we have

lim sup
m

E
[

sup
0≤t≤T

⟨1, ν̄mℓ (t)⟩
]
≤ lim sup

m
E
[
Ēℓ(T ) + Q̄ℓ(0)

]
≤ CT .

Therefore, choosing M > 2CT /η, using Markov’s inequality one has

lim sup
m

P (⟨1, ν̄mℓ (t)⟩ > M for some t ∈ [0, T ]) ≤ lim sup
m

1

M
E
[

sup
0≤t≤T

⟨1, ν̄mℓ (t)

]
≤ η

2
(6.16)

Moreover, for every t ∈ [0, T ] and every job (ℓ, j), wℓ,j(t) ≤ ϖℓ,j and hence,

⟨χ, ν̄mℓ (t)⟩ = 1

m

∑
j∈Qℓ(t)

wℓ,j(t) ≤
1

m

0∑
j=−Qℓ(0)+1

ϖℓ,j +
1

m

Eℓ(T )∑
j=1

ϖℓ,j
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Since the arrival process and the initial queue length are independent of patience times and the sequence of
patience times {ϖℓ,j}j for jobs of class ℓ are iid with mean 1/γℓ, by Wald’s lemma (2, Proposition A.10.2)
we have

lim sup
m

E
[

sup
0≤t≤T

⟨χ, ν̄mℓ (t)⟩
]
≤ lim sup

m
E
[
Q̄m

ℓ (0) + Ēm
ℓ (T )

]
E [ϖℓ,1] ≤

CT

γℓ
.

Therefore, for M > 2CT /(γℓη), by another application of Markov’s inequality,

lim sup
m

P (⟨χ, ν̄mℓ (t)⟩ > M for some t ∈ [0, T ]) ≤ lim sup
m

1

M
E
[

sup
0≤t≤T

⟨χ, ν̄mℓ (t)

]
≤ η

2
. (6.17)

Equation (6.15) with M > 2Ct(1 + γℓ)/(γℓη) then follows from (6.16) and (6.17), and the definitions of C̃M
and CM . □

6.3.3 Tightness of {⟨f, ν̄mℓ ⟩}∞m=1

We now show that the sequence {ν̄mℓ }m satisfies condition J2 of Proposition 6.3 for any fixed ℓ ∈ {1, 2, ..., L}.
We first need to prove the tightness of an auxiliary process. For every m ∈ N, ℓ = 1, ..., L, and f ∈ C1

b [0,∞)
define

Ām
ℓ (f ; t) =

∫ t

0

hS,Im(u) (mam(u))
pℓ⟨f, ν̄mℓ (u)⟩∑L
ℓ′=1 pℓ′Q̄

m
ℓ′ (u)

du. (6.18)

Lemma 6.6 For every ℓ = 1, ..., L and f ∈ C1
b [0,∞), the sequence {Ām

ℓ (f ; ·)}m∈N is tight in D[0,∞).

Proof. Proof. Recall by Assumption 2.3 that for every ℓ = 1, ..., L, the hazard rate function hS,ℓ is bounded
by a constant H, and note that |⟨f, ν̄mℓ (u)⟩| ≤ ∥f∥Q̄m

ℓ (u) for all u ≥ 0. Therefore, for every 0 ≤ s ≤ t,

∣∣Ām
ℓ (t)− Ām

ℓ (s)
∣∣ ≤ ∣∣∣∣∣

∫ t

s

hS,Im(u) (mam(u))
pℓ⟨f, ν̄mℓ (u)⟩∑L
ℓ′=1 pℓ′Q̄

m
ℓ′ (u)

du

∣∣∣∣∣ ≤ ∥f∥H|t− s|. (6.19)

We now verify Kurtz’s criteria of Proposition 6.2 for {Ām
ℓ (f ; ·)} using the bound above. First, using

(6.19) with s = 0 implies that for every t ≥ 0, P(supm |Ām
ℓ (t)| > r) = 0 for r ≥ ∥f∥Ht, and hence condition

K1 holds. Moreover, by another application of (6.19) with t = s+ δ, we obtain

lim
δ→0

sup
m

E
[

sup
0≤s≤T

|Ām
ℓ (s+ δ)− Ām

ℓ (s)|
]
≤ lim

δ→0
sup
m

∥f∥Hδ = 0,

and hence condition K2a holds with β = 1. □

Lemma 6.7 For every f ∈ C1
c [0,∞), the sequence {⟨f, ν̄mℓ ⟩}m is tight in D[0,∞).

Proof. Proof. Recall that by equation (6.7) and definition (6.18) of Ām
ℓ (f ; ·), for t ∈ [0, T ],

⟨f, ν̄mℓ (t)⟩ =⟨f, ν̄mℓ (0)⟩+ f(0)

∫ t

0

1
(
X̄(s−) > 0

)
dĒm

ℓ (s) +

∫ t

0

⟨f ′ − fhR,ℓ, ν̄
m
ℓ (s)⟩ds

− Ām
ℓ (f ; t) + M̄m

R,ℓ(t) + M̄m
S,ℓ(t). (6.20)

We show tightness for {⟨f, ν̄mℓ ⟩}m by verifying Kurtz’s criteria of Proposition 6.2 for each term on the
right-hand side of (6.20) separately.

For the sequence corresponding to the first term on the right-hand side of (6.20), note that by Markov’s
inequality, for every m ∈ N and r > 0,

sup
m

P (|⟨f, ν̄mℓ (0)| > r) ≤ sup
m

P (∥f∥Qm
ℓ (0) > r) ≤ ∥f∥

r
sup
m

E [Qm
ℓ (0)] .
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Since E [Qm
ℓ (0)] < 0 by Assumption 3.1, the sequence {⟨f, ν̄mℓ (0)⟩}m∈N satisfies condition K1. Condition

K2a trivially holds for {⟨f, ν̄mℓ (0)⟩}m∈N.
For the sequence corresponding to the first term on the right-hand side of (6.20), note that the bound∫ t

s

1 (Im(u−) ̸= 0) dĒm
ℓ (u) ≤ Ēm(t)− Ēm(s), ∀s, t ∈ [0, T ], (6.21)

implies

w′(

∫ ·

0

1 (Im(s−) ̸= 0) dĒm
ℓ (s), δ, T ) ≤ w′(Ēm

ℓ , δ, T ). (6.22)

Since the sequence {Ēm
ℓ }m converges in D[0,∞) to the deterministic limit λℓId almost surely (and hence in

distribution) by Lemma 6.1, it is a tight sequence and thus satisfies conditions K1 and K2a of Proposition
6.2. The validity of conditions K1 and K2a for the sequence {

∫ ·
0
1 (Im(s−) ̸= 0) dĒm

ℓ (s)}m follow from the
bounds (6.21) (with s = 0) and (6.22), respectively, and the corresponding conditions for {Ēm

ℓ }m.
For the sequence corresponding to the first term on the right-hand side of (6.20), using the bound (4.11)

and monotonicity of Em
ℓ , we have Q̄m

ℓ (s) ≤ Q̄m
ℓ (0) + Ēm

ℓ (T ) for all s ∈ [0, T ]. Therefore, recalling that
∥hR,ℓ∥ ≤ H by Assumption 2.2 and using the bound (6.8),

sup
m

E

[
sup

t∈[0,T−δ]

∣∣∣ ∫ t+δ

t

⟨f ′ − fhR,ℓ, ν̄
m
ℓ (s)⟩ds

∣∣∣] ≤(∥f ′∥+ ∥f∥∥hR,ℓ∥) sup
m

E

[
sup

t∈[0,T−δ]

∫ t+δ

t

Q̄m
ℓ (s)ds

]

≤ δ(∥f ′∥+H∥f∥) sup
m

E
[
Q̄m

ℓ (0) + Ēm
ℓ (T )

]
≤ δ(∥f ′∥+H∥f∥)CT . (6.23)

The sequence {
∫ ·
0
⟨f ′ − fhR,ℓ, ν̄

m
ℓ (s)⟩ds}m therefore satisfies conditions K1 and K2b (with β = 1).

Finally, tightness for sequence {Ām
ℓ (f ; ·)}m∈N, {M̄m

R,ℓ(f ; ·)}m∈N, and {M̄m
S,ℓ(f ; ·)}m is proved in Lemmas

6.6, 6.3, and 6.4, respectively. This completes the proof. □

Proof. Proof of Proposition 6.1. Tightness of {ν̄m = (ν̄mℓ ; ℓ = 1, ..., L)}m∈N in DML [0,∞) follows from
Lemmas 6.5 and 6.7, and the Jakobovski’s criteria of Proposition 6.3. To prove the C-tightness, we need to
show that the jump sizes vanish.

For every m ∈ N, define Ω̃m to be the set of realizations ω on which in queueing system with index m,
all arrivals, renegings, and departures of all jobs of all classes occur on distinct times, and for every finite
time t, the total number of arrivals, renegings, and departures occurred during [0, t] is finite, which has full
measure (see Remark 4.2). On Ω̃m, and hence almost surely, for every t > 0, the sets Qm

ℓ (t) and Qm
ℓ (t−) of

job indices that are waiting in queue at time t and right before time t, respectively, differ at most by one job
index. Therefore, since for every j ∈ Z and ℓ = 1, ..., L, t 7→ wj,ℓ(t) is continuous by definition, νmℓ (t) and
νmℓ (t−) at most differ by one delta mass, which implies dTV (ν̄

m
ℓ (t), ν̄mℓ (t−)) ≤ 1/m, where dTV is the total

variation metric. Finally, since the Prohorov metric is bounded by total variation metric (see (7, Equation
(2.24) of page 36)), we conclude

J(ν̄m) = sup
t>0

dLp (ν̄
m(t), ν̄m(t−)) = sup

t>0
sup

ℓ=1,...,L
dp(ν̄

m
ℓ (t), ν̄mℓ (t−)) ≤ 1

m
, (6.24)

and hence J(ν̄m) ⇒ 0, as m → ∞. C-tightness of the sequence {ν̄m}m∈N then follows from Proposition 6.4.
□

6.4 Characterization of Subsequential Limits

By Proposition 6.1, the sequence {ν̄m = (ν̄mℓ ; ℓ = 1, ..., L)}m∈N is tight in DML [0,∞), and therefore every
subsequence {ν̄m}m∈m̃ has a further subsequence {ν̄m}m∈m̂ such that {ν̄m} converges to a limit ν̄ = (ν̄ℓ; ℓ =
1, ..., L) along m̂. Our goal is to find a characterization for the subsequential limit ν̄.
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Fix f ∈ C1
b [0,∞). Combining Assumption 3.1 and the results of Proposition 6.1 and Lemmas 6.1, 6.6,

6.3, 6.4, and 6.2, we conclude that the sequence {Ȳ m}m∈N defined as

Ȳ m := (ν̄mℓ (0), ν̄mℓ , Ēm
ℓ , Ām

ℓ (f, ·), M̄m
R,ℓ(f ; ·), M̄m

S,ℓ(f ; ·), K̄m, L̄m
ℓ , H̄m

ℓ ; ℓ = 1, ..., L),

is tight in the space Y defined as

Y := ML ×DML [0,∞)× D[0,∞)4L+1 ×M2L,

and hence the subsequence {Ȳ m}m∈m̂ has a further subsequence {Ȳ m}m∈m̊ that converges in distribution
to

Ȳ = (ν̄ℓ(0), ν̄ℓ, λℓId, Āℓ(f, ·),0,0, K̄,
1

µℓ
L̄, L̄; ℓ = 1, ..., L),

where 0 is the zero function in D[0,∞).
As a first step to characterize ν̄, the next lemma shows the mapping t 7→ ν̄(t) is continuous.

Lemma 6.8 Almost surely, the mapping t 7→ ν̄(t) is continuous.

Proof. Proof. Fix f ∈ C1
b [0,∞) and T < ∞. Since at most one event (arrival, reneging, or service entry)

happens at each, the sets Qm
ℓ (t) of jobs of class ℓ waiting in queue only changes by at most one element from

t− to t, and hence,

|⟨f, ν̄mℓ (t)⟩ − ⟨f, ν̄mℓ (t−)⟩| ≤ 1

m
∥f∥,

for all t ∈ [0, T ], and hence JT (⟨f, ν̄mℓ ⟩) ≤ ∥f∥/m, where JT (x) is the maximum jump size of a function
x ∈ D[0,∞) on [0, T ]. Therefore, by (3, Theorem 13.4), the mapping t 7→ ⟨f, ν̄ℓ(t)⟩ is continuous almost
surely, which implies the result. □By Skorokhod representation
theorem, there exists a sequence (possibly on a different probability space) whose elements have the same
distributions as Ȳ m,m ∈ m̊, that converges almost surely to a limit with the same distribution as Ȳ . Since
we are only interested in the distribution of the limit process, we denote this new sequence and its limit by
{Ȳ m}m∈N and Ȳ again. Finally, since the limit process Ȳ is continuous almost surely by Lemma 6.8, the
convergence in the Skorokhod topology implies uniform convergence on compact sets.

In summary, for the rest of the article we can assume that there exists Ω0 ⊂ Ω with P (Ω0) = 1 such that
for every ω ∈ Ω0,

Ȳ m → Ȳ (6.25)

as m → ∞, uniformly on compact sets.

6.4.1 Lipschitz Continuity of the Limit Process

For the rest of this section we fix f ∈ C1
b [0,∞) and ω ∈ Ω0.

Lemma 6.9 Fix T < ∞. There exist Λf > 0 and sequences {cm0 } ↓ 0 and {cmL } ↓ 0 such that

a. for every ℓ = 1, ..., L
|⟨f, ν̄mℓ (0)⟩ − ⟨f, ν̄ℓ(0)⟩| ≤ cm0 , (6.26)

b. for every ℓ = 1, ..., L and s, t ∈ [0, T ],

|⟨f, ν̄mℓ (s)⟩ − ⟨f, ν̄mℓ (t)⟩| ≤ Λf |s− t|+ cmL . (6.27)
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Proof. Proof. The bound (6.26) follows from convergence of the first component in (6.25). To see (6.27),
recall that for every 0 ≤ s ≤ t, by (6.7),

⟨f, ν̄mℓ (t)⟩ − ⟨f, ν̄mℓ (s)⟩ =
∫ t

s

⟨f ′ − fhR,ℓ, ν̄
m
ℓ (u)⟩du+ f(0)

∫ t

s

1
(
X̄(u−) > 0

)
dĒm

ℓ (u)

−
∫ t

s

hS,Im(u) (mam(u))
pℓ⟨f, ν̄mℓ (u)⟩∑L
ℓ′=1 pℓ′Q̄

m
ℓ′ (u)

du

+ M̄m
R,ℓ(f ; t)− M̄m

R,ℓ(f ; s) + M̄m
S,ℓ(f ; t)− M̄m

S,ℓ(f ; s). (6.28)

For the first term on the right-hand side above, recalling from Assumption 2.2 that the hazard rate hR,ℓ is
bounded by constant H,

⟨f ′ − fhR,ℓ, ν̄
m
ℓ (u)⟩du ≤ (∥f ′∥+ ∥f∥H)

∫ t

s

Q̄m
ℓ (u)du,

By (6.25), Q̄m
ℓ = ⟨1, ν̄mℓ ⟩ converges uniformly on [s, t] to the continuous function Q̄ = ⟨1, ν̄ℓ⟩, and therefore,

there exists a constant CT = CT (ω) such that Q̄m
ℓ (u) ≤ CT for every large enough m. Hence,

⟨f ′ − fhR,ℓ, ν̄
m
ℓ (u)⟩du ≤ CT (∥f ′∥+ ∥f∥H)|t− s|. (6.29)

For the second term, since Ēm
ℓ converges to λℓId uniformly on [s, t], there exists a sequence {cm1 } ↓ 0 such

that |Ēm
ℓ (t)− λℓt| ∨ |Ēm

ℓ (s)− λℓs| < cm1 . Therefore,∫ t

s

1
(
X̄(u−) > 0

)
dĒm

ℓ (u) ≤ Ēm
ℓ (t)− Ēm

ℓ (s)

≤ |Ēm
ℓ (t)− λℓt|+ |Ēm

ℓ (t)− λℓt|+ λℓ|t− s|
≤ 2cm1 + λℓ|t− s| (6.30)

For the third term, recalling from Assumption 2.3 4 that the hazard rate function hS,ℓ is bounded by H and
since the fraction in the integrand is bounded by ∥f∥,∫ t

s

hS,Im(u) (mam(u))
pℓ⟨f, ν̄mℓ (u)⟩∑L
ℓ′=1 pℓ′Q̄

m
ℓ′ (u)

du ≤ H∥f∥|t− s| (6.31)

Finally, by (6.25), the sequences of martingales {M̄R,ℓ(f ; ·)} and {M̄S,ℓ(f ; ·)} converge to zero uniformly on
compact sets, and hence there exists a sequence {cm2 } ↓ 0 such that

|M̄m
R,ℓ(f ; t)− M̄m

R,ℓ(f ; s) + M̄m
S,ℓ(f ; t)− M̄m

S,ℓ(f ; s)| ≤ cm2 . (6.32)

The bound (6.27) follows from (6.28)-(6.32) with

Λf = max
ℓ=1,...,L

{(1 + CT )(∥f ′∥+ 2H∥f∥) + λℓ},

and cmL = 2cm1 + cm2 . □
Taking the limit as m → ∞ in (6.27), we conclude that the limit points are Lipschitz functions.

Corollary 6.2 For every ω ∈ Ω0, f ∈ C1
b [0,∞) and T < ∞, ⟨f, ν̄ℓ⟩ is locally Lipschitz continuous on [0, T ]

with a constant Λf , that is, for every s, t ∈ [0, T ],

|⟨f, ν̄ℓ(s)⟩ − ⟨f, ν̄ℓ(t)⟩| ≤ Λf |s− t|. (6.33)

4Can remove bounded hazard rate assumption on service time distribution.
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6.4.2 Equations Governing the Fluid Limit

Since Lipschitz continuity implies absolute continuity, we have thus proven that with probability one, tra-
jectories of ⟨f, ν̄ℓ⟩ are absolutely continuous and hence have derivative almost everywhere. We show that its
derivative is given by equation (3.2). For the rest of this section, we fix a realization ω ∈ Ω0 and f ∈ C1

b [0,∞).
Define

Q̄(t) =

L∑
ℓ=1

Q̄ℓ(t),

to be the fluid limit of the total number of jobs in queue (of all classes). The derivative of ⟨f, ν̄ℓ⟩(t) depends
on whether the queue is empty at time t.

Lemma 6.10 Let t ≥ 0 be such that Q̄(t) = 0 and ⟨f, ν̄ℓ⟩ is differentiable at t. Then,

d

dt
⟨f, ν̄ℓ(t)⟩ = 0.

Proof. Proof. Note that since Q̄(t) = 0,

⟨f, ν̄ℓ(t)⟩ ≤ ∥f∥⟨1, ν̄ℓ(t)⟩ = ∥f∥Q̄ℓ(t) ≤ ∥f∥Q̄(t) = 0.

Since the function u 7→ ⟨f, ν̄ℓ(u)⟩ is non-negative and differentiable at t, its derivative at t needs to be zero.
□

Lemma 6.11 For every ℓ = 1, ..., L, t ∈ [0, T ] and ϵ > 0, there exists M < ∞ such that for all m ≥ M ,

|⟨f, ν̄mℓ (u)⟩ − ⟨f, ν̄ℓ(t)⟩| ≤ 2Λf ϵ, ∀u ∈ [t, t+ ϵ]. (6.34)

and in particular,
|Q̄m

ℓ (u)− Q̄ℓ(t)| ≤ 2Λ1ϵ, ∀u ∈ [t, t+ ϵ]. (6.35)

In addition, if Q̄(t) > 0 for some t ≥ 0, then there exists ϵ > 0 and M < ∞ such that Q̄m(u) > 0 for every
u ∈ [t, t+ ϵ] and m > M .

Proof. Proof. Fix ϵ > 0. For every u ∈ [t, t+ ϵ] and m ∈ N,

|⟨f, ν̄mℓ (u)⟩ − ⟨f, ν̄ℓ(t)⟩| ≤ |⟨f, ν̄mℓ (u)⟩ − ⟨f, ν̄ℓ(u)⟩|+ |⟨f, ν̄ℓ(u)⟩ − ⟨f, ν̄ℓ(t)⟩|.

Since ⟨f, ν̄ℓ⟩ is Lipschitz continuous with constant Λf (Corollary 6.2), |⟨f, ν̄ℓ(u)⟩− ⟨f, ν̄ℓ(t)⟩| ≤ Λf ϵ for every
u ∈ [t, t + ϵ]. Moreover, by (6.25), ⟨f, ν̄mℓ ⟩ converges to ⟨f, ν̄ℓ⟩ uniformly on [t, t + ϵ], and hence for large
enough m > M , |⟨f, ν̄ℓ(u)⟩− ⟨f, ν̄ℓ(t)⟩| ≤ Λf ϵ, and therefore (6.34) follows. Since Q̄ℓ = ⟨1, ν̄ℓ⟩, (6.35) follows
on plugging f = 1 in (6.34). Finally, for u ∈ [t, t+ ϵ],

|Q̄m(u)− Q̄(t)| ≤
L∑

ℓ−1

|Q̄m
ℓ (u)− Q̄ℓ(t)| ≤ 2LΛ1ϵ.

The last claim then follows from the display above with ϵ = Q̄(t)/4LΛ1 > 0. □

Lemma 6.12 For every t ≥ 0 with Q̄(t) > 0, K̄ is differentiable with derivative

d

dt
K̄(t) =

∑L
ℓ=1 pℓQ̄ℓ(t)∑L
ℓ=1

pℓ

µℓ
Q̄ℓ(t)

. (6.36)
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Proof. Proof. By definition, the derivative is given by

d

dt
K̄(t) = lim

ϵ→0
lim
m→0

K̄m(t+ ϵ)− K̄m(t)

ϵ
.

We compute the limit as ϵ ↓ 0; the computation of the left limit is exactly identical. Fix ϵ > 0 as small as
required by Lemma 6.11. Therefore, by that lemma, Q̄m(u) > 0 for all large enough m and u ∈ [t, t + ϵ],
and hence the server is never idle during [t, t + ϵ]. Therefore, service times of jobs that have been served
during [t, t+ ϵ] should approximately sum up to ϵ. To make this precise, recall that Km is the total service
entry process, and let {ηmj ; }j∈N be the epoch times of Km. Recall from Section 2.1 that the jth job to enter
service (at time ηmj ) will be of class ℓ if κj ∈ [amℓ (ηmj ), bmℓ (ηmj )) where amℓ and bmℓ are defined in 2.3, we have

Km(t+ϵ)−1∑
j=Km(t)+1

L∑
ℓ=1

1
(
κj ∈ [amℓ (ηmj ), bmℓ (ηmj ))

) vℓ,j
m

≤ ϵ ≤
Km(t+ϵ)∑
j=Km(t)

L∑
ℓ=1

1
(
κj ∈ [amℓ (ηmj ), bmℓ (ηmj ))

) vℓ,j
m

(6.37)

Since K̄m converges to K̄ uniformly on [t, t + ϵ] by (6.25), there exists an M such that for all m ≥ M and
u ∈ [t, t+ ϵ], K̄m(u) ∈ K̄(u)± ϵ2, and hence

mK̄(t)−mϵ2 ≤ Km(u) ≤ mK̄(t+ ϵ) +mϵ2. (6.38)

Moreover, by (6.35), Q̄ℓ(t)− 2Λ1ϵ ≤ Q̄m
ℓ (u) ≤ Q̄ℓ(t) + 2Λ1ϵ, and therefore,

[ aℓ(ϵ) , bℓ(ϵ) ) ⊂ [ amℓ (ηmj ) , bmℓ (ηmj ) ) ⊂ [ āℓ(ϵ) , b̄ℓ(ϵ) ), (6.39)

with

āℓ(ϵ) =

∑ℓ−1
ℓ′=1 pℓ′Q̄ℓ′(t)− 2LΛ1ϵ∑L
ℓ′=1 pℓ′Q̄ℓ′(t) + 2LΛ1ϵ

, b̄ℓ(ϵ) =

∑ℓ
ℓ′=1 pℓ′Q̄ℓ′(t) + 2LΛ1ϵ∑L
ℓ′=1 pℓ′Q̄ℓ′(t)− 2LΛ1ϵ

.

aℓ(ϵ) =

∑ℓ−1
ℓ′=1 pℓ′Q̄ℓ′(t) + 2LΛ1ϵ∑L
ℓ′=1 pℓ′Q̄ℓ′(t)− 2LΛ1ϵ

, bℓ(ϵ) =

∑ℓ
ℓ′=1 pℓ′Q̄ℓ′(t)− L2Λ1ϵ∑L
ℓ′=1 pℓ′Q̄ℓ′(t) + 2LΛ1ϵ

,

when note that

lim
ϵ→0

b̄ℓ(ϵ)− āℓ(ϵ) = lim
ϵ→0

bℓ(ϵ)− aℓ(ϵ) =
pℓQ̄ℓ(t)∑L

ℓ′=1 pℓ′Q̄ℓ′(t)
. (6.40)

Therefore, plugging in (6.38) and (6.39) in (6.37) we have

⌊mK̄(t+ϵ)+mϵ2⌋−1∑
j=⌈mK̄(t)+mϵ2⌉+1

L∑
ℓ=1

1 (κj ∈ [aℓ(ϵ),bℓ(ϵ)))
vℓ,j
m

≤ ϵ ≤
⌈mK̄(t+ϵ)+mϵ2⌉∑
j=⌊mK̄(t)+mϵ2⌋

L∑
ℓ=1

1
(
κj ∈ [āℓ(ϵ), b̄ℓ(ϵ))

) vℓ,j
m

Recall from the definition (6.9) of L̄m
ℓ that for ℓ = 1, ..., L and I = [aℓ(ϵ),bℓ(ϵ)) or I = [āℓ(ϵ), b̄ℓ(ϵ)),

m∑
j=1

1 (κj ∈ I)
vℓ,j
m

= L̄m
ℓ (I) .

Therefore, taking m → ∞ using (6.10) of Lemma 6.2, we obtain

K̄(t+ ϵ)− K̄(t)

ϵ

L∑
ℓ=1

bℓ(ϵ)− aℓ(ϵ)

µℓ
≤ 1 ≤ K̄(t+ ϵ)− K̄(t)

ϵ

L∑
ℓ=1

b̄ℓ(ϵ)− āℓ(ϵ)

µℓ
(6.41)

Finally, taking ϵ → 0 and using (6.40), we have

d

dt
K̄(t)

L∑
ℓ=1

1

µℓ

pℓQ̄ℓ(t)∑L
ℓ=1 pℓQ̄ℓ(t)

≤ 1 ≤ d

dt
K̄(t)

L∑
ℓ=1

1

µℓ

pℓQ̄ℓ(t)∑L
ℓ=1 pℓQ̄ℓ(t)

(6.42)

which proves (6.36). □

Lemma 6.13 For every ℓ = 1, ..., L and t > 0 with Q̄(t) > 0, Āℓ(f ; ·) is differentiable at t with derivative

d

dt
Āℓ(f ; t) =

pℓ⟨f, ν̄ℓ(t)⟩∑L
ℓ′=1

pℓ′
µℓ′

Q̄ℓ′(t)
(6.43)
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Proof. Proof. Fix ϵ > 0 as small as required by Lemma 6.11. Plugging in the bounds (6.34) and (6.35) in
the definition (6.18) of Am

ℓ (f ; ·), we obtain

pℓ⟨f, ν̄ℓ(t)⟩ − pℓcϵ∑L
ℓ′=1 pℓ′(Q̄ℓ′(t) + cϵ)

∫ t+ϵ

t

hS,Im(u) (mam(u)) du ≤ Ām(t+ ϵ)− Ām(t) (6.44)

≤ pℓ⟨f, ν̄ℓ(t)⟩+ pℓcϵ∑L
ℓ′=1 pℓ′(Q̄ℓ′(t)− cϵ)

∫ t+ϵ

t

hS,Im(u) (mam(u)) du (6.45)

To find bounds for the integral in the upper and lower bounds above, note that by Lemma 6.11, Q̄m(u) > 0
for all large enough m > 0 and u ∈ [t, t+ ϵ], and hence the server is never idle during [t, t+ ϵ]. Recalling that
{ηmj } are the epoch times of the total service entry process Km and using the bounds ηKm(t) ≤ t ≤ ηKm(t)+1,
we have the following lower bound∫ t+ϵ

t

hS,Im(u) (mam(u)) du ≥
∫ ηKm(t+ϵ)

ηKm(t)+1

hS,Im(u) (mam(u)) du

≥
Km(t+ϵ)−1∑
Km(t)+1

∫ ηj+1

ηj

hS,Im(u) (mam(u)) du

≥
Km(t+ϵ)−1∑
Km(t)+1

L∑
ℓ=1

1 (κj ∈ [amℓ (ηj), b
m
ℓ (ηj)))

∫ ηj+1

ηj

hS,ℓ (mam(u)) du (6.46)

Since the server busy during [t, t+ ϵ], the age am(t) of the job in service is zero at each ηj , and grows linearly
with unit speed during [ηj , ηj+1), and when the job in service during that interval is of class ℓ, we have
ηj+1 − ηj = vℓ,j/m. Therefore, on {κj ∈ [amℓ (ηj), b

m
ℓ (ηj))}, the last integral in the right-hand side of (6.46)

can be written as∫ ηj+1

ηj

hS,ℓ (mam(u)) du =

∫ ηj+1−ηj

0

hS,ℓ (mu) du =
1

m

∫ m(ηj+1−ηj)

0

hS,ℓ (u) du =
1

m

∫ vℓ,j

0

hS,ℓ (u) du

(6.47)

Plugging (6.47) in (6.46), using the bounds (6.38) and (6.39), and changing the order of summations, we
obtain∫ t+ϵ

t

hS,Im(u) (mam(u)) du ≥ 1

m

L∑
ℓ=1

⌊mK̄(t+ϵ)+mϵ2⌋−1∑
j=⌈mK̄(t)+mϵ2⌉+1

1 (κj ∈ [aℓ(ϵ),bℓ(ϵ)))

∫ vℓ,j

0

hS,ℓ (u) du, (6.48)

We can obtain the upper bound bellow in a similar fashion:

∫ t+ϵ

t

hS,Im(u) (mam(u)) du ≤ 1

m

L∑
ℓ=1

⌈mK̄(t+ϵ)+mϵ2⌉∑
j=⌊mK̄(t)+mϵ2⌋

1
(
κj ∈ [āℓ(ϵ), b̄ℓ(ϵ)

) ∫ vℓ,j

0

hS,ℓ (u) du (6.49)

Taking the limit m → ∞ from both sides of (6.48) and (6.4.2) and recalling from (6.25) that ν̄mℓ converges
to ν̄ℓ, K̄

m converges to K̄, Ām
ℓ (f ; ·) converges to Āℓ(f ; ·) and H̄ converges to the Lebesgue measure L, we

conclude

pℓ⟨f, ν̄ℓ(t)⟩ − pℓcϵ∑L
ℓ′=1 pℓ′(Q̄ℓ′(t) + cϵ)

(
K̄(t+ ϵ)− K̄(t)

) L∑
ℓ=1

bℓ(ϵ)− aℓ(ϵ) ≤ Ā(t+ ϵ)− Ā(t)

≤ pℓ⟨f, ν̄ℓ(t)⟩+ pℓcϵ∑L
ℓ′=1 pℓ′(Q̄ℓ′(t)− cϵ)

(
K̄(t+ ϵ)− K̄(t)

) L∑
ℓ=1

b̄ℓ(ϵ)− āℓ(ϵ) (6.50)

29



preprint

Dividing all sides by ϵ, taking the limit ϵ → 0,

pℓ⟨f, ν̄ℓ(t)⟩∑L
ℓ′=1 pℓ′Q̄ℓ′(t)

dK̄(t)

dt

L∑
ℓ′=1

lim
ϵ→0

bℓ(ϵ)− aℓ(ϵ) ≤
d

dt
Ā(t) ≤ pℓ⟨f, ν̄ℓ(t)⟩∑L

ℓ′=1 pℓ′Q̄ℓ′(t)

dK̄(t)

dt

L∑
ℓ′=1

lim
ϵ→0

b̄ℓ(ϵ)− āℓ(ϵ)

Finally, substituting d/dtK̄(t) from (6.36) and using the fact that by (6.40)

L∑
ℓ′=1

lim
ϵ→0

bℓ(ϵ)− aℓ(ϵ) =

L∑
ℓ′=1

lim
ϵ→0

b̄ℓ(ϵ)− āℓ(ϵ) = 1,

(6.43) follows. □
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Appendices

A On Marked Point Process T

In this section, we prove Lemma 5.1. We first recall the following lemma from (1) that is used in the proof
of Lemma 5.1.

Let Y and Wi, i ≥ 1, be R ∪ {∞}-valued random variables defined on a probability space (Ω,F ,P), and
let G ⊂ F be a σ-algebra such that Wi, i ≥ 1 and Y are conditionally independent given G. For i ≥ 1, define

F i(a) := P (Wi > a|G) , a ≥ 0.

Also, define T
.
= min(Y,Wi; i ≥ 1) and let Z be a discrete-valued random variable such that {Y < min(Wi; i ≥

1)} = {Z = z∗} for some value z∗.

Lemma A.1 Suppose Y,Wi; i ≥ 1, Y, T and Z are as described above. Then, on {Z = z∗}, Wi; i ≥ 1, are
conditionally independent given G, T and Z, that is, for every n ≥ 1 and b1, ..., bn ≥ 0,

1 (Z = z∗)P
(
Wi > T + bi; i ≥ 1

∣∣G, T, Z)
= 1 (Z = z∗)

n∏
i=1

P
(
Wi > T + bi

∣∣G, T, Z)
, (A.1)

and, for b ≥ 0,

1 (Z = z∗)P
(
Wi > T + b

∣∣G, T, Z)
= 1 (Z = z∗)

F i(T + b)

F i(T )
. (A.2)

Lemma A.1 is proved in (1, Lemma A.5).

Proof. Proof of Lemma 5.1. We prove the lemma by induction on k. Suppose by induction hypothesis
that τE,ℓ

k , ℓ = 1, ..., L, σℓ,j , ℓ = 1, ..., L, j ∈ Qℓ(τk−1), and τDk are conditionally independent given Fτk−1
, and

that equations (5.6)-(5.7) hold with k replaced by k − 1, that is,

1 (j ∈ Qℓ(τk−1))P
(
σℓ,j − τk−1 > x

∣∣Fτk−1

)
= 1 (j ∈ Qℓ(τk−1))

GR,ℓ(wℓ,j(τk−1) + x)

GR,ℓ(wℓ,j(τk−1))
, x > 0, (A.3)

1 (I(τk−1) ̸= 0)P
(
τDk − τk−1 > x

∣∣Fτk−1

)
= 1 (I(τk−1) ̸= 0)

GS,I(τk−1)(a(τk−1) + x)

GS,I(τk−1)(a(τk−1))
, x > 0, (A.4)
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We partition the sample space based on possible values of the mark zk and the status of the server (idle or
busy) at τk−1, and prove the result by constructing the underlying random variables on each of the sets in
this partition. Recall from (5.1) that the next event after τk−1 is given by

τk = min{τE,ℓ
k ; ℓ = 1, ..., L} ∧min{σℓ,j ; ℓ = 1, ..., L, j ∈ Qℓ(τk−1)} ∧ τDk . (A.5)

In the following, for every time t ≥ 0, define Bt := {I(t) ̸= 0} to be subset of realizations on which the server
is busy at time t. The following are all the possibilities for the event type at τk.

1. An arrival occurs at τk. For every pair (ℓ∗, j∗) with l∗ ∈ {1, ..., L} and j∗ ∈ Z, define the event
Aℓ∗,j∗ := {zk = (E, ℓ∗, j∗)} on which the next event is the arrival of the job (ℓ∗, j∗). Note that on Aℓ∗,j∗ ,

τk = τE,ℓ∗

k , and the forward renewal time for the arrival process of jobs of class ℓ∗ will reset after τk, while
it remains unchanged for the arrival processes of jobs of other classes, that is,

τE,ℓ∗

k+1 = τk + uℓ∗,Eℓ(τk)+1, τE,ℓ
k+1 = τE,ℓ

k for ℓ ̸= ℓ∗,

where uℓ∗,Eℓ(τk)+1 is the next interarrival time of the renewal process E∗
ℓ after τk.

Moreover, when the server is busy right before this arrival, the job (ℓ∗, j∗) will be added to the set of job
indices of class ℓ∗, and the next departure time after τk will remain unchanged. That is, on Aℓ∗,j∗ ∩Bτk−1

,

Qℓ∗(τk) = Qℓ∗(τk−1) ∪ {j∗}, σℓ∗,j∗ = τk +ϖℓ∗,j∗ , Qℓ(τk) = Qℓ(τk−1) for ℓ ̸= ℓ∗, τDk+1 = τDk .

By an application of Lemma A.1, with G replaced by Fτk−1
, T replaced by τk, Z replaced by zk, z

∗ replaced

by (E, ℓ∗, j∗), Y replaced by tE,ℓ∗

k , and the sequence Zi replaced by other random times on the right-hand

side of (A.5), we conclude that on Aℓ∗,j∗ ∩ Bτk−1
, τE,ℓ

k+1, ℓ ̸= ℓ∗, σℓ,j , ℓ = 1, ..., L, j ∈ Qℓ(τk−1) and τDk
are conditionally independent given Fτk = Fτk−1

∧ σ(τk, zk). Also, τE,ℓ∗

k+1 − τk = uℓ∗,Eℓ(τk)+1 is the next
interarrival time of the renewal process E∗

ℓ after τk and hence is independent of other random variables,
given Fτk . Moreover, the equation (A.2) of same lemma with Fi replaced by the conditional distribution
given in (A.3), implies that for all (ℓ, j) ̸= (ℓ∗, j∗) and all x ≥ 0

1
(
Aℓ∗,j∗ ∩Bτk−1

∩ {j ∈ Qℓ(τk)}
)
P
(
σℓ,j − τk > x

∣∣Fτk

)
= 1

(
Aℓ∗,j∗ ∩Bτk−1

∩ {j ∈ Qℓ(τk)}
) GR,ℓ(wℓ,j(τk) + x)

GR,ℓ(wℓ,j(τk))
,

(A.6)
and by another application of (A.2) with Fi replaced by the conditional distribution given in (A.4), for all
x > 0,

1
(
Aℓ∗,j∗ ∩Bτk−1

)
P
(
τDk+1 − τk > x

∣∣Fτk

)
= 1

(
Aℓ∗,j∗ ∩Bτk−1

) GS,I(τk)(a(τk) + x)

GS,I(τk)(a(τk))
. (A.7)

Note that we have used the fact that on Aℓ∗,k∗ , w(τk−1)+τk−τk−1 = w(τk) and a(τk−1)+τk−τk−1 = a(τk).
Moreover, since σℓ∗,j∗ − τk = ϖℓ∗,j∗ is the patience time of a newly arrived job, and hence is independent of
the current observations Fτk and satisfies

P (ϖℓ∗,j∗ > x) = GR,ℓ∗(x) =
GR,ℓ∗(wℓ∗,j∗(τk) + x)

GR,ℓ∗(wℓ∗,j∗(τk))
,

where the second equality holds because wℓ∗,j∗(τk) = 0. Therefore, (A.6) hold for all pairs (ℓ, j), including
(ℓ∗, j∗).

On the other hand, when the server is idle before the arrival, the job immediately enters service and
hence, the queue remains empty and the time until the next departure at τk is set to be equal to the service
time requirement of the job in service. That is, on Aℓ∗,j∗ ∩Bc

τk−1
,

Qℓ(τk) = ∅ for ℓ = 1, ..., L, τDk+1 = τk + vℓ,K(τk).

By an application of Lemma A.1, with G replaced by Fτk−1
, T replaced by τk, Z replaced by zk, z

∗ replaced

by (E, ℓ∗, j∗), Y replaced by tE,ℓ∗

k , and the sequence Zi replaced by other random times on the right-hand
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side of (A.5), we conclude that on Aℓ∗,j∗ ∩ Bc
τk−1

, τE,ℓ
k+1, ℓ = 1, ..., L, and τDk are conditionally independent

given Fτk = Fτk−1
∧ σ(τk, zk), and for all (ℓ, j) and all x ≥ 0

Aℓ∗,j∗ ∩Bτk−1
∩ {j ∈ Qℓ(τk)} = ∅. (A.8)

Moreover, since τDk+1 − τk = vℓ,K(τk) is the service requirement time of the job just entered service, it is
independent of the current observations Fτk and satisfies

1
(
Aℓ∗,j∗ ∩Bτk−1

)
P
(
τDk+1 − τk > x

∣∣Fτk

)
= GS,I(τk)(x) = 1

(
Aℓ∗,j∗ ∩Bτk−1

) GS,I(τk)(a(τk) + x)

GS,I(τk)(a(τk))
. (A.9)

where the second equality holds because a(τk) = 0 on Aℓ∗,j∗ ∩Bτk−1
.

2. A reneging occurs at τk. for every pair (ℓ∗, j∗) with ℓ∗ ∈ {1, ..., L} and j∗ ∈ Z, define the event
Cℓ∗,j∗ := {zk = (R, ℓ∗, j∗)} on which the next event is the reneging of the job (ℓ∗, j∗) from the queue. Note
that Cℓ∗,j∗ = {τk = σℓ∗,j∗}, and on Cℓ∗,j∗

τE,ℓ
k+1 = τE,ℓ

k for ℓ = 1, ..., L, Qℓ∗(τk) = Qℓ∗(τk−1)\{j∗}, Qℓ(τk) = Qℓ(τk−1) for ℓ ̸= ℓ∗, τDk+1 = τDk .

By an application of Lemma A.1, with G replaced by Fτk−1
, T replaced by τk, Z replaced by zk, z

∗ replaced by
(R, ℓ∗, j∗), Y replaced by σℓ∗,j∗ , and the sequence Zi replaced by other random times on the right-hand side

of (A.5), we conclude that on Cℓ∗,j∗ , τ
E,ℓ
k+1, ℓ = 1, ..., L, σℓ,j , ℓ = 1, ..., L, j ∈ Qℓ(τk) and τDk are conditionally

independent given Fτk = Fτk−1
∧ σ(τk, zk). Moreover, as above, the equation (A.2) of same lemma with Fi

replaced by the conditional distribution given in (A.3), implies that for all (ℓ, j) and all x ≥ 0

1 (Cℓ∗,j∗ ∩ {j ∈ Qℓ(τk)})P
(
σℓ,j − τk > x

∣∣Fτk

)
= 1 (Cℓ∗,j∗ ∩ {j ∈ Qℓ(τk)})

GR,ℓ(wℓ,j(τk) + x)

GR,ℓ(wℓ,j(τk))
, (A.10)

and by another application of (A.2) of same lemma with Fi replaced by the conditional distribution given
in (A.4), for all x > 0,

1 (Cℓ∗,j∗)P
(
τDk+1 − τk > x

∣∣Fτk

)
= 1 (Cℓ∗,j∗)

GS,I(τk)(a(τk) + x)

GS,I(τk)(a(τk))
. (A.11)

3. A departure occurs at τk immediately followed by a service entry. For every pair (ℓ∗, j∗) with
l∗ ∈ {1, ..., L} and j∗ ∈ Z, define the event Dℓ∗,j∗ := {zk = (D, ℓ∗, j∗)} on which the next event is the
departure of the job in service immediately followed by the entry of the job (ℓ∗, j∗) to the service. Note that
on Dℓ∗,j∗ , τk = τDk and

tE,ℓ
k+1 = tE,ℓ

k for ℓ = 1, ..., L, Qℓ∗(τk) = Qℓ∗(τk−1)\{j∗}, Qℓ(τk) = Qℓ(τk−1) for ℓ ̸= ℓ∗, τDk+1 = τk+vℓ,K(τk).

By an application of Lemma A.1, with G replaced by Fτk−1
, T replaced by τk, Z replaced by zk, z

∗ replaced
by (D, ℓ∗, j∗), Y replaced by τDk , and the sequence Zi replaced by other random times on the right-hand side

of (A.5), we conclude that on Dℓ∗,j∗ , τ
E,ℓ
k+1, ℓ = 1, ..., L, and σℓ,j , ℓ = 1, ..., L, j ∈ Qℓ(τk) are conditionally

independent given Fτk = Fτk−1
∧ σ(τk, zk). Also, τDk+1 − τk = vℓ,K(τk) is the service requirement time of the

job (ℓ∗, j∗) that enters service at τk, and hence is independent of other random variables, given Fτk . Again,
the equation (A.2) of same lemma with Fi replaced by the conditional distribution given in (A.3), implies
that for all (ℓ, j) and all x ≥ 0

1 (Dℓ∗,j∗ ∩ {j ∈ Qℓ(τk)})P
(
σℓ,j − τk > x

∣∣Fτk

)
= 1 (Dℓ∗,j∗ ∩ {j ∈ Qℓ(τk)})

GR,ℓ(wℓ,j(τk) + x)

GR,ℓ(wℓ,j(τk))
, (A.12)

Moreover, since τDk+1 − τk = vℓ,K(τk) is the service requirement time of the job just entered service, it is
independent of the current observations Fτk and satisfies

1 (Dℓ∗,j∗)P
(
τDk+1 − τk > x

∣∣Fτk

)
= GS,I(τk)(x) = 1 (Dℓ∗,j∗)

GS,I(τk)(a(τk) + x)

GS,I(τk)(a(τk))
. (A.13)
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where the second equality holds because a(τk) = 0 on Dℓ∗,j∗ .

4. A departure occurs at τk, that leaves the system empty. Finally, define the event D∅ := {zk =
(D, ∅)} on which the next event is the departure of the job in service and the service remains idle after the
departure. Note that on D∅, τk = τDk and

tE,ℓ′

k+1 = tE,ℓ′

k for ℓ′ = 1, ..., L, Qℓ′(τk) = ∅ for ℓ′ = 1, ..., L, , τDk+1 = ∞.

By an application of Lemma A.1, with G replaced by Fτk−1
, T replaced by τk, Z replaced by zk, z

∗ replaced
by (D, ∅), Y replaced by τDk , and the sequence Zi replaced by other random times on the right-hand side of

(A.5), we conclude that on D∅, τ
E,ℓ
k+1, ℓ = 1, ..., L, are conditionally independent given Fτk = Fτk−1

∧σ(τk, zk).
Moreover, note that on D∅, there are no jobs in queue at time τk, that is, for all (ℓ, j),

Dℓ∗,j∗ ∩ {j ∈ Qℓ(τk)} = ∅, (A.14)

and the server is idle at τk, that is,
{I(τk) ̸= 0} ∩D∅ = ∅. (A.15)

Putting all the cases together, we conclude that τE,ℓ
k+1, ℓ = 1, ..., L, σℓ,j , ℓ = 1, ..., L, j ∈ Qℓ(τk), and τDk+1

are conditionally independent given Fτk . Moreover, (5.6) follows on summing (A.6), (A.8), (A.10),(A.12),
and (A.14) over all ℓ = 1, ..., and j ∈ Z, and (5.7) follows on summing (A.7), (A.9), (A.11), (A.13), and
(A.15) over all ℓ = 1, ..., and j ∈ Z.

Finally, given Fτk , κK(τk)+1 is drawn from an i.i.d. sequence of uniformly distributed random variables,
that are independent of all other random variables, and hence, (5.8) is satisfied. □

B List of Notation

B.1 Primitives

Eℓ Arrival process of class ℓ
Rℓ,j indicator function of reneging of job j of class ℓ
Kℓ,j Counting service entry process

uℓ,j Inter-arrival times of class ℓ
λℓ arrival rate of class ℓ
ϖℓ,j Patience Time of class ℓ
γℓ reciprocal mean of patience time of class ℓ
vℓ,j Service Requirement of class ℓ
µℓ reciprocal mean of service requirement of class ℓ

B.2 State Spaces

M The space of non-negative Borel measures on [0,∞)

B.3 State Variables

αℓ,j Arrival time of job j of class ℓ
βℓ,j Service entry time of job j class ℓ
σℓ,j reneging time of job j class ℓ
Y State Vector
rℓ backward recurrence Time class ℓ
Qℓ set of jobs in queue class ℓ
Qℓ number of jobs of class ℓ waiting in queue
wℓ,j current waiting time of job j class ℓ
a age of the job in service
I(t) class of the current job in service at time t
J(t) index of the current job in service at time t
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B.4 Constants

L number of different classes
pℓ weight of class ℓ in DROS algorithm
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