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1 Introduction

1.1 Notation and Terminology

For a,b € R, let |a| denote the largest integer smaller than or equal to a, [a] denote the smallest integer
larger than or equal to a, and a A b and a V b denote the minimum and maximum of a and b, respectively.
Also, a™ =aV0and a= = —(aA0). For a set B, 1(B) is the indicator function of the set B.

For n € N and a closed set V C R", C(V), Cy(V), C.(V) and C} (V) are respectively, the spaces of real-
valued continuous functions on V', bounded continuous functions on V', continuous functions with compact
support in V| once continuously differentiable functions that together with their first (partial) derivatives
are bounded on V. When V = [0, 00), we will write C[0,00) for C([0,0)) and analogously for the other
spaces. For f € Cu(V), we use || f||v to denote the supremum of |f(s)], s € V, and for f € Cy[0,0), we let
1flloe = I Flfo00)-

For a metric space (E, d), let Dg[0, 00) denote the set of functions defined from [0, 00) into E that are right
continuous with finite left limits and let Cg[0, c0) denote the subspace of continuous functions in Dg[0, 0o).
We endow Dg[0, 00) with the usual J; Skorokhod topology, see e.g., (6).

Let M denote the space of finite non-negative Borel measures on [0, c0),endowed with the Prohorov
metric dp, defined by

dp(p, 1) :=inf{e > 0| p(A4) < i(A°) + € and i(A) < u(A€) + € for all non-empty Borel sets A C [0, 00)},

where A€ is the open e-neighborhood of A. The induced topology is that of weak convergence of measures.
Moreover, (M, d,) is a separable metric space, and there is an equivalent metric under which it is complete.
Hence it is a Polish space. For every bounded, real-valued, measurable function f on [0, c0) and every v € M,
define

(o) = [ fapldn)
0,00)
Also, define M% to be the L-fold product of spaces (M, d,), endowed with the metric dzf defined by

df (p, 1) = max(dy(pie, fie); £ = 1,..., L),

for g = (p1, ..o, ), ji = (fi1, ..., jir) € M¥. This space is also a Polish space.

2 Model Description

We consider a single-server queue with infinite capacity waiting room that provides service to jobs of L
different classes indexed by ¢ = 1, ..., L. The server processes only one job at a time, working at unit rate; it
is non-idling in the sense that it is never idle at a time when there is a job in the system, and it operates under
a Discriminatory Random Order of Service policy described below. Jobs are considered to be impatient, that
is, if a job has to wait more than a pre-determined patience time before entering service, it abandons the
system without being served. Jobs have class-specific arrival rates, patience time distributions, and service
time distributions. Fundamental stochastic processes associated with these are now defined.



2.1 Primitive stochastic processes
Job arrivals.

Jobs of different classes arrive according to independent processes Fy, ¢ = 1,..., L, where for each ¢t > 0,
Ey(t) is the number of job arrivals of class ¢ during (0,¢]. The arrival processes are assumed to satisfy the
following assumption.

Assumption 2.1 (Arrival processes) For each £ = 1,2, ..., L, Ey is a renewal process where the times between
arrivals are independent and identically distributed (i.i.d.) with distribution function Gg e and reciprocal
mean Ay € (0,00). It is assumed that Gg¢ has a Borel measurable density gg  with respect to Lebesgue
measure on [0,00).

The letter E here indicates exogenous arrivals.

Patience times.

The patience times of arriving jobs are given by L independent sequences of positive random variables
{wsj,j>1},=1,...,L. Foreach £ € {1,...,L} and j > 1, wy ; is the time that the j*® arrival to class ¢ is
willing to wait in queue before reneging (i.e., abandoning the system). The common distribution function for
class £ is denoted by G'r¢. We make the following assumption on the patience time distribution functions.
(See Section 2.3 for a description of patience times for jobs that are initially in queue.)

Assumption 2.2 (Patience times) For each £ = 1,..., L, the patience time distribution function G has
a Borel measurable density gr, with respect to I_/ebesgue measure on [0,00), reciprocal mean v, € (0,00),
complementary cumulative distribution function Gre =1 — Gr ¢ that is positive on [0,00), and hazard rate
function
gre(x)
hre(x) = =——= x € [0, 00),
Gro(r)

that is bounded".

The subscript R is used here to indicate that the quantities are associated with reneging.

Service times.

The service time requirements of jobs entering service after time zero are determined by L independent
sequences of positive random variables {v,;,i > 1},£ = 1,..., L. If the class of the i'" job to enter service
after time zero is £(i), then vy ; is the amount of service time required by that job. (The random variables
ver ; for ¢/ # £(i) are not used.) For £ = 1,..., L, the common distribution function for the class ¢ service
times is denoted by Gg ¢ and is assumed to satisfy the following assumption. (See Section 2.3 for a description
of the service time requirement of the job that is initially in service (if any).)

Assumption 2.3 (Service times) For each { = 1, ..., L, the service time distribution Gs g has Borel mea-
surable density gs.e on [0, 00), reciprocal mean e € (0,00), complementary cumulative distribution function
Gse=1— Ggy that is positive on [0,00), and hazard rate function

_ 9su(@)

hS,E(x) = GS é(x)

z € [0,00),

that is bounded.

The subscript S is used here to indicate that the quantities are associated with service. Let H < oo be an
upper bound on the hazard rate of all service and patience time distributions (which exists by Assumptions
2.2 and 2.3), i.e.,

hs(x), hre(x) < H, foralz >0, £=1,..., L. (2.1)

We assume that the processes/sequences of random variables, Ey, {wy ;,j > 1}, {ves,0 > 1}, =1,...,L
are all mutually independent.

1Since f: hr(z)dz = In(GR,e(b)) — In(GR,e(a)) for 0 < a < b < oo, hg ¢ is not integrable over its support, and hence the
bounded hazard rate assumption necessitates that G’R,g(m) > 0 for all z > 0.



2.2 Service policy: Discriminatory Random Order of Service

We consider the queue operating under the so-called Discriminatory Random Order of Service (DROS)
policy. According to this policy, a job enters service immediately upon arrival if the server is idle, and waits
in the queue if the server is busy. Once the service requirement is complete for the job in service, it departs
the system and the server becomes available immediately to serve the next job. The next job to enter
service is randomly chosen from the jobs waiting in queue (if any) according to the following probability law.
Denoting the number of jobs of class ¢ waiting in queue at time ¢ by Q(t), if the server becomes available
at time ¢t > 0 and the queue is nonempty right before ¢, each given job of class ¢ waiting in queue just before
t (if any) will be chosen for service entry at time ¢ with probability

Pe
Sy pe Qe (t—)

(2.2)

where (pg, ¢ = 1,..., L) is a probability vector, satisfying p, > 0,¢ =1, ..., L, and ZeL:1 pe = 1, that determines
the preferences for different job classes. Here Qu (t—) is the left limit value of @ at time ¢.

More precisely, the random selection of jobs for service entry is determined by a sequence of i.i.d. random
variables {k;,7 > 1} uniformly distributed on (0, 1]. These random variables are independent of the primitive
processes defined in the previous subsection. If the i*" service entry after time 0 happens at a time t and
the queue is non-empty right before the service entry, the job chosen to enter service at time ¢ is of class /¢
if k; € (ae(t), be(t)], where

_ Y peQu(t) Sl peQu(t-) pQult=)
S peQu(t-) Sy P Qe (t-) Ypr—1 P Qu(t—)

In addition, all jobs of class ¢ waiting in queue right before the entry time (if any) are equally likely to be
selected, and hence, each such job is selected with a probability given by (2.2). On the other hand, if the
it" service entry results from a job arrival when the server is idle, no random selection for service entry is
required and k; is discarded.

ag(t) : bg(t) : = ag(t) + (23)

2.3 State Descriptor

For every £ =1, ..., L, recall that Q,(¢) denotes the number of jobs of class ¢ waiting in queue at time ¢, and

let Qx(t) = ZZL:1 Q¢(t) be the total number of jobs waiting in queue at time t. We index individual jobs of
each class by integers in the order of their arrival as follows: jobs of class ¢ have their indices in the set

Zy:={-Q¢(0)+1,....,-1,0,1,....},

where non-positive indices —Q(0) + 1, ..., —1,0 are assigned to the Q,(0) jobs that are initially in queue
(if any), and positive indices are assigned to the jobs that arrive after time ¢ = 0. The jobs are ordered
according to their arrival times with jobs having arrived earlier having smaller indices. Each job is then
uniquely determined by its class-index pair (¢,7): ¢ € {1,...,L},j € Z,.

Since the patience, service and interarrival times are not (necessarily) exponentially distributed, to have
a Markovian state description of the system, we keep track of the age in queue for each job that is currently
waiting in queue, the class and time in service of the job currently in service (if any), as well as the time
since the last arrival to each class?.

We first describe the ages of the jobs in queue. If a job with index (¢, j) is in queue at time ¢, let wy ;(t)
denote the age in queue of the job at time ¢, which is the amount of time that the job has spent in queue
since its arrival (see (4.1) for a full description). We record the age in queue of all waiting jobs at time ¢
in a vector v(t) = (ve(t); ¢ =1, ..., L) of measure-valued variables defined as follows. At time ¢, let Q,(t) be
the set of indices of the jobs of class ¢ that are waiting in queue at time ¢, and define the measure v, (t) on
[0, 00) by

ve(t) == Z éwz,j(tﬁ (2.4)

JEQ(t)

2 Alternatively, one could choose to keep track of residual patience, service and interarrival times.



where 4, is the Dirac delta measure at a. Therefore, v4(t) is the sum of Dirac delta masses located at the
age in queue of each job of class ¢ waiting in queue at time ¢, and takes values in the space M of finite
non-negative Borel measures on [0, 00) (see (4.10) for a full description). Note that

Qe(t) = (1,ve(1)), (2.5)

where 1 is the constant function on [0, c0) with value 1.

To describe the state of the server, for each ¢t > 0, we define the pair (a(t), (t)) as follows: if the server
is busy at time ¢, a(t) and I(t) are, respectively, the age in service (the time passed since entry to service)
and the class of the job currently in service at time ¢; if the server is idle at time ¢ (i.e., no job in service),
we define a(t) = 0 and I(t) = 0.

For arrivals, for each ¢ > 0 and ¢ € {1,...,L}, we define {r(t),t > 0} to be the backward recurrence
time of the arrival process Ey, so that r4(t) is the time since the last arrival in [0,¢]. If there has been no
arrival in [0, t], then ro(t) = ¢.

The process

{(Tf(t)7 V@(t); t= 1,...L, a(t)’ I(t)) 2 O}

is a Markovian descriptor for our queueing system. However, we do not use the Markov property of this
process directly, and hence do not prove this claim.
2.4 Imitial Conditions

The initial condition for our queueing system is described by the collection of random variables
Qo :={v(0) = (1e(0);£=1,...,L),a(0),1(0)}. (2.6)

Note that a valid initial condition must be consistent with the non-idling assumption: when I(0) = 0 (which
means the server is initially idle), one must have a(0) = 0 and 14(0) is the zero measure on [0, o), for each
¢ =1,..,L. The number of jobs initially in queue and their initial ages can be recovered from v(0): for
{=1,..., L, the number of jobs of class £ initially in queue is given by

Qe(0) = (1,%(0)), (2.7)
and, given our indexing convention, the initial ages w ;(0) of jobs with indices (¢, j) with j = —Q.(0) +
1,...,—1,0 are given by the locations of the delta masses in v¢(0) in a manner that the jobs with smaller

indices j have larger initial ages in queue. For convenience, we let wy ;(0) = 0 for j < —Q,(0).

Recall that the patience times of jobs of class ¢ arriving after time zero are given by the i.i.d. sequence
{w¢,j,7 > 1}. However, for jobs initially in service, the patience times are defined slightly differently.
Consider L independent sequences {cy j,j <0}, £ =1,..., L, where for each ¢, cy ;,j < 0, are conditionally
independent of all other random elements given v(0) and satisfy

1-— GR,g(x + ’er,j(O))

P{e,; > zjv(0)} = , x> 0.
{ £,j | ( )} 1— GR,Z(wZ,j(O))
Moreover, define
@y, j :wgvj(())%-’fﬂg’j, {=1,...L,j<0. (2.8)
For each ¢ =1, ..., L, the quantities {wy ;;j = —Q,(0) + 1, ...,—1,0} are the patience times of jobs of class ¢
that are initially in service, while {0y ;;j = —Q¢(0) + 1,..., —1,0} are the residual patience times of those

jobs at time 0. The variables wy ;(0) and @y ; for j < —Q,(0) will not be used in our model description,
they are introduced for convenience so that we do not have sequences of random variables of random length.

Similarly, for the job initially in service, the service requirement time is defined as follows. Define random
variables {0¢ 0}, £ = 1, ..., L, that are conditionally independent of all other random elements given a(0), and

satisf
. ) 1 Gz +a(0)
P (0,0 > z[a(0)) = 1—Gse(a(0)




Moreover, define vy g = a(0) 4 0,0 for £ =1, ...,0, and

Vg = Z]l Ugo (2.9)

When the server is not initially idle (i.e. I(0) # 0), vg is the service requirement of the job initially in service,
and ¥y is the residual service requirement of that job at time 0 if the job is of class £.

Remark 2.1 Given the initial conditions, the stochastic processes and random wvariables underlying the
model are

e the arrival processes {Ep; £ =1, ..., L},

e the patience times {wy ;3¢ =1,...,L;j € L},

e the job selection random variables {k;;i > 1},

e the service time requirements {ve ;¢ > 0,£ =1,..., L}.

Initial conditions and the random elements listed above are all defined on a common probability space
(Q, F,P). All other random times and state variables can be constructed as functions of the above system
primatives.

3 Main Results
3.1 Fluid scaling

To obtain a fluid limit result for the G/G/1+G queue, we accelerate the arrival processes and effective
service rate by a positive integer scale factor of m, while keeping the patience time distribution unchanged.
The initial conditions may change somewhat with m. We scale the queue length processes @y, and the
measure-valued processes vy, by the factor 1/m. The fluid limit is obtained by taking m — co. We formally
define the scaling below.

Consider a sequence of queueing systems as described above, indexed by a parameter m. The corre-
sponding quantities in the m*™ system are annotated with a superscript of m. In the m' system, the arrival
process E}* for each class ¢ € {1,..., L} satisfies E}*(t) = Ep(mt) for all ¢ > 0, where Ey is as in Section
2.1. The patience time distributions are kept unchanged, hence

Gre(r) =Gre(x),  gFe@)=gre(x),  WE(2) = hre(z), @€ [0,00).

Indeed, we can take @}’ = wzj for ¢ =1,...,L and j > 1, where the {w;;,j > 1}, £ = 1,...,L are
defined as in Section 2.1. The wy’; for j < 0 can be defined as in Section 2.4, using ™ (0) and the associated

distributions G ,.

To produce an effective service rate of m in the m'™ system, the server continues to work at unit rate,

but the service time requirements in the m'™ system are scaled by 1/m, and hence, the complementary c.d.f.
Gge, the density gg'y, and hazard rate function R, of the service times in the m!”" system are given by

égz(x) = Gg(mz), gse(w) = mgs (mz), hg(z) = mhge(mz), =z €[0,00).

Indeed, the service times {v[ .4 > 1} can be defined by vy = w ; where the {vg;,i > 1 are defined as
in Section 2.1 for £ = 1,. L The vy can be defined as in Sectlon 2.4 with vy, Gy, a ™(0) in place of
Ve,0, GS,Zv a(0)7 l= L..., L

We define the fluid scaled processes ;" and Q?ﬁ {=1,..,L, by

1 ~ _
O =0, QRO =G, 120

Remark 3.1 Alternatively, a sequence of queueing systems indexed by m can be defined by keeping the
arrival processes and service times unchanged, scaling the patience times by the factor m, speeding up time,
and scaling the “mass” of jobs by 1/m. This scaling would lead to the same fluid limit as the procedure
described above.



3.2 Fluid limit theorem

The main result of this paper is to establish a fluid limit result for the multiclass G/G/14+G queue with a
Discriminatory Random Order of Service (DROS) policy as described above. The next assumption, on the
convergence of initial conditions, is necessary for our results.

Assumption 3.1 The sequence {#™(0)}men is tight in ME.

Note that by (2.7) and the continuous mapping theorem, Assumption 3.1 implies that
supE [Q7*(0)] < oo. (3.1)

Theorem 3.1 The sequence {0™ = (U], ..., 07") }men is C-tight in Dy, [0,00). Moreover, for any weakly
convergence subsequence {U™*} of {0}, the weak limit v = (1, ..., Ur,) satisfies the following almost surely:
for every £ =1,..., L and every f € C}[0,00),

(. 7elt)) =, 7e(0)) + / (' 7a(s))ds + Aef(0) / 1(i(s) # 0) ds — / Fhrem(s)ds  (32)

0
pelf, ve(s))
Yoo1 B (1,70 (s))

_ /t 1 (v(s) # 0) ds, for allt >0,
0

where 0 is the vector of zero measures in ME.

Remark 3.2 Note that we are not assuming uniqueness of the limit v, this may depend on the subsequence
chosen.

4 Dynamics of the State Variables

4.1 Some auxiliary processes

For each class ¢ = 1,..., L, recall that the arrival process E, of class ¢ is a renewal process satisfying
Assumption 2.1, and that Z, = {—-Q(0) + 1,...,—1,0,1,2,...} is the index set of jobs of that class. The
arrival time of each job (¢, ), j € 2, is denoted by ay ;. For jobs with indices j > 1 that arrive after time
t = 0, the arrival times are given by the epoch times of the arrival process F;. However, for jobs that are
initially in queue, the arrival times are non-positive and are determined by the initial conditions, namely,
agj = —we ;(0) for j € {=Q(0) +1,...,0}, where wy ;(0) is the initial age in queue of the job (¢, 7). Next,
recall that for any ¢ =1, ..., L and j € 2, the job with index (¢, j) has a patience time wy ; that is a member
of the i.i.d. sequence described in Assumption 2.2 for jobs that arrive after time zero, and by (2.8) for jobs
initially in queue. The age in queue, wy ;(t), of the job with index (¢, j) at time ¢ > 0 is given by

wes (t) _ {(t — Ckgyj)Jr lf t <o+ e, (4.1)

Wy, ift > ay;+ we.

Namely, wg ;(t) is zero before the job arrives, then it grows linearly with rate one until it reaches the job’s
patience time at the time o, ; := ay; + wy;, which we call the ezpiration time of the job (¢,j). If the
job (¢,7) is still in queue immediately prior to its expiration time (i.e. has not yet entered service), then it
leaves the system at its expiration time without receiving service. We assume that jobs do not renege while
receiving service.

Recall that a job may enter service either upon arrival (if the server is idle right before its arrival) or right
after the service completion of another job (through being selected for service entry by the DROS policy
after having waited in queue). The service entry time of a job (¢, j) is denoted by £, ;. By convention, we
define B, ; = 400 if the job (¢, j) reneges before it could have entered service. Finally, recall that the service

time requirements are determined by L sequences of i.i.d. random variables {v; ;4 > 1}, £ =1, ..., L, whose
distributions satisfy Assumption 2.3. Namely, to the i*" job to enter service, a service time requirement Vg



is assigned if that job is of class ¢, and the other vy ; for ¢ # ¢ are discarded. Each job remains in service
until its service requirement is completed, and then it departs the system and the server will be available
immediately for the next job to enter service.

Using the notation introduced above, we can define auxiliary processes that help us described the dy-
namics of the state descriptors. First, note that the arrival processes satisfy

Eg(t)z Z]].(O<O(g7j<t Z]]. Ozgj<t (42)
JEZ, J=1

Next, since the set Qy(t) of jobs of class £ that are waiting in queue at time ¢ is in fact the set of jobs of class
¢ that have arrived to the system, but have not yet reneged or entered service by time ¢, it can be expressed
as

Q) =1{j>-Qu0)+1 : apj <t,op; >t B, >t}
The process {Ry ;(t);t > 0} defined by

Rg,j(t) =1 (O’g)j < t) 1 (j € Q@(U@J—)) , t>0, (43)

indicates whether the job (¢, j) has reneged from the queue at any given time ¢, and the total number of
renegings of jobs of class ¢ during (0, ¢] is then given by

=Y Re;(). (4.4)
JEZ

Moreover, the process {Kpy ;(t);t > 0} defined as

Ko j(t) :=1(Be; <),

indicates whether the job (£, 7) has entered service by time ¢, and therefore, the number of service entries
K,(t) of jobs of class ¢ and the total number of service entries K (t) during (0, ¢] are given by

)= Ky;(t) and  K(t)=> Kt), (4.5)
=1

JE€EZ,

respectively. In addition, he process {ng(t); t > 0} defined as

KQ,(t) = 1(j € Qu(Bry—)) 1 (B < 1) = / 1(j € Qulu—)) dKy;(u), (4.6)

indicates whether the job (¢, j) has yet entered service by time ¢ after waiting in queue and being selected
by DROS policy, and
=D K@)

JE€EZ,

denotes the total number of such service entries for jobs of class ¢ during (0, ¢].

For brevity of notation in the equations derived in the next section, we define the following functional-
valued versions of the reneging and service entry processes. For every f € C}[0,00) and ¢ = 1,..., L, and
t > 0, define

=Y f(@e )10 € Qulor; =) (00 < 1) Z/ flwe(w)dRy ;(w), (4.7)
JEZe JE€EZe

and

= 3 Fwes (B (G € QuiBrs—) 1By <t = 3 / Flwes(s)dKS, (w).  (48)

JEZ, JEZe

3By definition, the set valued function u + Qy(u) is piecewise constant and hence the definition of Qy(u—) is unambiguous.



Roughly speaking, R,(-;t) keeps track of patience times (or equivalently, the age in queue at reneging time)
of those jobs of class ¢ that reneged from the system during [0, ¢], and K4 (+;t) keeps track of the age in queue
at the service entry time for those jobs of class £ that entered service during [0,¢] after waiting in queue.
Note that jobs that enter service directly upon arrival are not counted in Iy, and in fact,

K2(t) = Ko(151). (4.9)
Finally, using the notation introduced in this section we can express vy (t) as follows:

Ey (t)

ve(t) = Z 5wz,j(t)]l (0’@7]' >t)1 (ﬁgﬂ' >t). (4.10)
J=—Q(0)+1

Remark 4.1 It follows from (4.10) and the identity Q(t) = (1,v(t)) that

Qe(t) < Qe(0) + Ey(t). (4.11)

Moreover, since the expiration time and service entry time of a job are always after its arrival time, we
obtain the elementary bound
Ry(t) < Qe(0) + Eql(t), (4.12)

and,

K(t) < Qe(0) + Eu(t), (4.13)

for allt > 0. These bounds are used later in Section 6.

Remark 4.2 The model has a simpler behavior on a subset of realizations Q C Q on which all arrivals,
renegings, and departures of all jobs of all classes occur on distinct times, the number of initial jobs in
queue is finite, and for every finite time t, the total number of arrivals (and hence renegings and departures)
occurred during (0,t] is finite. It is easy to see that Q has full measure. The proof is straightforward and
hence is omitted; it follows from the fact that the distributions of interarrival times, patience times, and
service times have densities, the assumption that the arrival processes have finite means, and assumption
3.1. The remainder of the results in this paper hold on Q, and hence, almost surely.

4.2 Dynamics of measure-valued state descriptors

To describe the dynamics of the vector of measure-valued state variables v = (vg;¢ = 1, ..., L), we study the
actions of vy, £ =1, ..., L, on the set of test functions f € C}[0, 00).

Proposition 4.1 Almost surely, for every ¢ =1,...,L, t >0, and f € C}[0,00), vy satisfies

t t
(Foonle)) = o0 + [l + £(0) [ 10(52) £ 00 dBu(s) = Ru(fit) = K Fit). (414)
The terms on the right-hand side of the display above are due to, respectively, the initial condition, the
linear growth of ages of jobs in queue, the arrival of new jobs (with age 0 at the time of their arrival), jobs
leaving the queue due to abandonment, and jobs leaving the queue due to service entry. The rest of this
section is devoted to the proof of Proposition 4.1.
Fix a test function f € Ci[0,00) and ¢ > 0. For every ¢ = 1,...,L, since v, is right-continuous by
construction, we have

owel®)) = (£,(0)) = lim f <f, ve (’“ - 1) . (jj)> 4T (4.15)

n— oo n
k=0

e i S (0 (o) (5)) - (e ()

where



and

S S T M0 M

We first compute Z;.

Lemma 4.1 Almost surely, for every f € C}[0,00) and t > 0,
t
ni= [ (7). (4.18)
0
Proof. Proof. For every s,u > 0, define
Flow) = (49w = [ S+ ot do)
0,00

Using this notation, we can write

|nt] |nt]
Z 1 k k Z 1 k k
n n n nn n
k=0 k=0
Since f is continuously differentiable with bounded derivative f’ and vy(u) is a finite measure, for every

u > 0, the mapping s — F(s,u) is continuously differentiable with derivative d;F(s,u) = (f'(- + ), ve(u)).
Therefore, by the mean value theorem, there exist s, € (0,1/n), for n € N,k =0, ..., |[nt], such that

[nt] |nt]
1 k k 1 k
S Ar(n)r o) =n e ()
k=0 k=0
|nt] |nt]
1 k 1 k k
==Y O F(0,=]+=) F =) -o,F(0,—)%. (4.2
n kzo as (07 n) + n < {83 <Sn,k; TL> as (07 n)} ( 0)

First, since f’ is bounded and continuous, the mapping u — 9sF(0,u) = (f’,v¢(u)) is right-continuous and
hence, is Riemann integrable, and thus,

[nt] t
.1 kY _ /
nh—{réoﬁ kgzo 0sF (O’n) —/0 (', ve(w))du. (4.21)

To bound the other summation, fix any € > 0. Define T' = max{wy ;(0) | j = —Q¢(0) + 1, ...,0} + ¢, which is
finite since Q¢(0), and note that by definition, wy ;j(u) < T for every j € Z, and u € [0,¢]. This implies

()= > flwe(w) = f@)ve(u,dx),  ue0,4].

J€Qe(u) [0.7]

Moreover, since f’ is continuous, it is uniformly continuous on [0,7 + 1] and thus for large enough n,
|f'(x + snk) — f'(x)] < €for every x € [0,T] and k = 1,..., [nt]. Therefore, for all such n,

k k 1 k
O F <sn,k, ) — 0, F (07 )‘ < = Z/ If (x4 sng) — f(2)|ve (7dx>
n n n k=0 [0,T ’ n
[nt]
€ k
<= i
S (%)

<et(Qe(0) + Ex(1)), (4.22)

1 [nt]
2

k=0

10



where the last inequality uses (4.11). Recalling definition (4.16) and combining (4.19)-(4.22), we conclude
that for every € > 0,

t
= [t vt du] < et(Qu(0) + Eate)
0
Since € > 0 was arbitrary, the desired result follows on letting € — 0. ]
The computation of Z, is more involved. For every ¢ > 0 and § > 0, define the set {; 5 to be the set of
realizations for which there is at most one arrival, reneging, or departure happening during (¢,t + 4].

Lemma 4.2 For every { =1,...L, s >0, 6 >0, and f € C}[0,00), on Q5 we have

(five(s +8) = (f(- +6),ve(s)) + D flwe(s +8)L(I(s) #0) 1 (ar; € (5,5 +]) (4.23)

JE€EZ,
3" Flwey(s) +8)1(G € Quls)) L (00 € (s, +6])
JEZ,
— 3" Flwes(s) + )1 (G € Qu(s)) 1 (Bey € (5,5 + ).

JEZ,

The first term on the right-hand side above captures the effect of unit-rate growth of ages of jobs in queue,
while the next three terms represent the adjustments due to a possible arrival, reneging, or service entry
during (s, s + J].

Proof. Proof. By (2.4),
(fovels+8) = > flwes(s+9)). (4.24)

J€Qe(s+9)

The set Qy(s + ) of jobs of class ¢ waiting in queue at time s + § admits the partition
Qu(s+0) = QM(s 4 6) U Q4 (s + 6), (4.25)

where Q9(s + §) = Qu(s + J) N Qu(s) is the set of jobs that have been in queue since time s, and
Q)W (s 4+ 0) = Qs + 0)\Qu(s) is the set of jobs that have joined the queue during (s,s + d]. For a job
j € Q21(s+46), the age in queue has increased by ¢ since time s, that is, we ; (s +3) = we ;(s) + 8. Moreover,
the jobs that are in Q(s) but not in Q"ld (s +9) have left the queue, either due to reneging or service entry,
during (s, s + d]. Therefore,

S Flwei(s+6) = Y flwei(s)+0) = Y flwe(s)+ )1 € Qu(s)) L (o2 € (s,5+ )

FEQP(5+9) JEQe(s) J€Ze
= > flwei(s)+6)1(j € Qu(s)) L (Bej € (s,5+0]). (4.26)
JE€EZe

On the other hand, on € s, if a job arrives during (s, s + d], no other events (reneging, departure, or other
arrivals) can occur during that interval. In that case, the newly arrived job either directly enters service if
the system is empty at time s (i.e., if I(s) = 0), or otherwise, joins the queue and remains in the queue until
time s + §, and hence belongs to Qnew(s + ). Therefore, on £ 5,

S Swes(s+0) = 3 Flwes(s+ )L (Is) £ 0) 1 (ar € (5,54 9] (1.27)
JEQYV(s+9) JjE€EZ,
The equation (4.23) follows on substituting (4.25)-(4.27) in (4.24). O

For a fixed w € Q (see Remark 4.2) and ¢t > 0, the time difference between any two events (arrival,
reneging, or departure) is strictly positive and the total number of such events during (0, ¢] is finite. Therefore,
the minimum time distance 6* between any two such events during (0, ¢] is positive, and hence, any interval of
length less than §* contains at most one arrival, reneging or departure. Therefore, for every large n (namely,

11



n > 1/6%) and k = 0,...,|nt|, we can invoke Lemma 4.2 and obtain (4.23) with s = k/n and § = 1/n.
Substituting (4.23) in (4.17) and changing the order of summation over k and j, we have

n [ SE e N
B OO R M) MO CE

- 1 +1
S8 () o) (1))

Note that the total number of arrivals, renegings, and service entries during (0,¢] is finite, which justifies
changing the order of summation. We now compute the limit as n — oo in each term on the right-hand side
above separately.

In (4.28a), the summation over k is non-zero only for jobs j that arrive during (0, (|nt| + 1)/n]. For
such a job j, the summand is non-zero only for a single interval (k/n,k/n + 1/n| that contains cy ;, which
corresponds to k/n = ay jn = ([nog ;| —1)/n. Therefore, the limit of the double sum in (4.28a) can be
written as

—~

4.28c¢)

Jim 3 f <w,v,7j (%,n n i)) 1 (I(ag;n) #0) 1 (0 <ag; < WJﬂ“) .

JEZ

Furthermore, we can interchange the order of summation and the limit because the summand is non-zero
only for finitely many j € Z,. Using the continuity of f and wy ;, the fact that oy, T ap; as n — oo,
we,j(ag,j) = 0, and the fact that I is piecewise constant, the last display can be written as

S FO)T(T(ar—) £ 0)1(0 <y < 1) = £(0) / 1(I(s—) # 0) dEy(s),

JE€EZ,

where the representation (4.2) of E, is used. Similarly, since Qy(-) is piecewise constant, the limit of the
double sum in (4.28b) can be simplified as

) 1 ) |nt] +1
lim > (o0gm)+— ) 1 )1 (o, < 2
nl_{fgojez f <wz,g (02,j,n) + n) (j € Qe(0e,5n)) (Um - )
(2

= > flwe(o0)10 € Qulor;-)))1 (00, < t)

JEZy

where 04 ;. = ([noy;] —1)/n 1 0e,; as n — oo, and the identity wy ;(oy,;) = w,; and definition (4.7) of R,
are used. Finally, the limit of the double sum in (4.28¢c) can similarly be simplified as

nli_)n;o Z f (wm‘ (Be,jn) + i) L(j € Qe(Bejn)) 1 (ﬁ‘)’j = LntJnH>
JjE€EZ,

= > Fwe;(Be)) (G € Qu(Bey—)) 1 (Bej <t)

JEZ,

where Sy, = ([nBe;] —1)/n 1 Be,; as n — oo, and definition (4.8) of K, is used.
Substituting the last three displays in (4.28a)-(4.28¢) for Zs, we obtain

7, = 1(0) / 1(I(s—) # 0)dEu(s) — Re(f:t) — Ka(f:1). (4.1)

Equation (4.14) then follows on substituting equalities (4.18) and (4.1) in (4.15). This concludes the proof
of Proposition 4.1.
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5 Martingale Decompositions

The goal of this section is to construct martingale decompositions for auxiliary processes describing the
dynamics of the state variables in equation (4.14). This is an important step in the proof of Theorem 3.1.
The result is summarized Proposition 5.1 below.

We start by constructing a marked point process 7 = {(7%, zx); k € N} that records all activities in the
system. The increasing sequence (7;; k € N), which we call event times, contains all times of entry to the
system, all times at which a job reneges, and all times at which a job departs the system (recall from Remark
4.2 that almost surely, all such times are distinct). The sequence (zx; k € N) of marks appended to the event
times is defined as follows.

e Each arrival time is marked by (&, ¢, j), where € indicates that the event is an arrival and ¢ and j are
the class and the index of the job arrived, respectively.

e Each reneging time is marked by (R, ¢, j) where R indicates that the event is a reneging and ¢ and j
are the class and the index of the job reneged.

e For departure times, recall that by the non-idling condition, when the queue is non-empty right before
a departure, that departure is followed (immediately) by a service entry. Such a departure time is
marked by (D,¢,7) where © indicates that the event is a departure and ¢ and j are the class and
index of the job that consequently entered service. For a departure that leaves the system empty (i.e.
when the queue is empty right before the departure), the departure time is marked by (D, ?) where 0
indicates that no service entry is followed by this departure.

The marked point process 7 is constructed inductively. Namely, the event time 7411 after 73 is the
minimum of the next arrival time, the next expiration time among the jobs waiting in queue, and the next
departure time after 7. Therefore, defining Tk€ jfl to be the next arrival time of a job of class ¢ after 7y,
and T1?+1 to be the next departure time after 7, if the server is busy at 7 and T,?H = 400 otherwise, and
recalling that o, ; is the expiration time of the job (¢, j), one has

Tht1 = min{T,i’fl;é =1,.,L}Amin{oy;;¢=1,..,L,j € Qu(ti)} A T]?_H. (5.1)
Define {F;t > 0} to be the filtration generated by the marked point process T (also called the internal
history of T'; see page 2 of (4)).
We can now state the main result of this section.
Proposition 5.1 For every { = 1,...,L and f € C}[0,00), there exist {F;}-martingales {Mpg ¢(f;t);t > 0}
and {Ms¢(f;t);t > 0} such that, almost surely,

t

(fsve(t)) =<f,1/e(0)>+f(0)/ L(I(s=) #0) dEz(S)—/ (Fhr.e,ve(s))ds

0

/hS,S) (s)) pelf, ve(s)) _PALYCY] gs+ Mpo(fit) + Mso(fit), > 0. (5.2)
S b1 PeQu(s)

The proposition is proved at the end of this section.

5.1 General theory of marked point processes

For a given mark z, define 7(z;-) to be the process that counts events with mark z that happened up to

time ¢:

t):Z]l(Tkgt)]l(zkzz). (5.3)

keN

As detailed in the next two sections, the auxiliary processes describing the dynamics of the state variables in
equation (4.14) can be written in terms of Stieltjes integrals with respect to counting processes of the from
(5.3). We use the theory of marked point processes to characterize the stochastic intensities for the process
T(z;t) (see (4, Definition II.D7) for a definition of stochastic intensity), and then invoke the elementary
Lemma 5.2 below to construct martingale decompositions for our auxiliary processes of interest.
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Proposition 5.2 For a fized mark z and at each event time 7y, suppose the conditional distribution, given
the past F-,, of the next event time with mark z admit a density, that is, there exists a sequence of measurable
functions {gf; k > 1} such that for every interval A C [0, 00),

P(mhq1 — T € A, 21 = 2| F7,) (w) = / Ghy1(w, x)dz, (5.4)
A
almost surely. Then, the process
Gio1 (t = Th)
— = 1 (rx <t <7 . 5.5
;;o B(res > 17, L (T S 1< Ter) (5:5)

is an {F;}-stochastic intensity of T (z;").

Proof. Proof. The result follows from Theorem T7, comment (3) below the theorem in (4, page 61), and
the fact that the sequence {7;k > 1} of event times is non-explosive, almost surely (see Remark 4.2). O

To invoke Proposition 5.2 for finding stochastic intensities of counting processes of the form (5.3), we
need to compute conditional distributions of the next arrival times, the next expiration times for jobs in
queue, and the next departure time after 74, conditioned on F;,. Recall the sequence of selection random
variables {#;;i > 1}, and note that the value of k()41 determines the next job after 7, to be drawn from
the queue (if any) for service entry.

Lemma 5.1 For every k > 0, Tk+1,€ =1,..,L, 00,0 = 1,...,L, j € Qu(ms), T,?_H, and Kg(r)4+1 ore
conditionally independent given F, . Moreover, almost surely, for £ =1,...,L and j € Z,

Gro(we; (1) + )

1(j € Qi) P (00; — 0 > m‘]:rk) =1(j € Qu(mk)) Growe () x>0, (5.6)
L(I(r) #0)P (Tk-i-l - T > $|]:Tk) =1(I(mx) #0) GZI;?()(?EZEB_;)I) x>0, (5.7)

and
P (K ()41 > 2| Fr) =1—2, x€]0,1]. (5.8)

The result in Lemma 5.1 is intuitive and follows from the independence of the interarrival, patience times,
service times, and service entry selection random variable. However, a completely rigorous proof is rather
technical, although involving fairly routine calculations. Hence, we omit the proof, and refer the reader to
Appendix A for details.

Lemma 5.2 Let N be a point process adapted to {]-"t} with an {F}- intensity u, and let 0 be a locally

bounded, {F;}-predictable process. Define ((t) fo . Then M (t) fo s)ds,t >0, is
a local {Fi}-martingale with quadratic vamatwn

= /t 0%(s)dN(s),  t>0. (5.9)
0

Proof. Proof. The proof is elementary and follows from (4, Lemma II.LL3) and (11, Equation (18.1) in
Chapter IV)). O

5.2 Martingale Decomposition for Reneging

Recall that the event time at which a job (¢, j) reneges system is marked by (R, ¢, j). Therefore, the process
Ry ; that indicates whether the job (¢, j) has yet reneged by time ¢ has the representation

Rej(t) =) 1(m <) 1 (= = (R 4,5)) = TR, €,5); 1) (5.10)
keN

We can therefore use Proposition 5.2 to compute stochastic intensity of Ry ;.
Lemma 5.3 For every { =1,...,L and j € Z;, an {F,}-stochastic intensity of Ry ; is given by
{10 € Qe(®) hre (we;(t)) ;¢ > 0}. (5.11)
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Proof. Proof. To invoke Proposition 5.2, we first need to compute the conditional density g,ﬁ’f’j ) defined

as
P (ki1 — Tk € A, 21 = (R, 4,5)| Fry) = / g;ﬁie’j)(w)d% A € B[0,00), (5.12)
A

The next event has a mark zx1 = (R, 4, j) if the job (¢,7) is in the queue at time 7 and its expiration
-

time occurs prior to the other possible events after 7. Define 7, _H’Z’j to be the minimum of all possible
event times after 7, except for the expiration time of job (¢, 5), that is,

T{f}’e’j = min{T,i’fl/;K/ =1,.., L} Amin{op j;0' =1,..,L,j € Qu(m), (', 5") # (£, 5)} A T]?+1.

Then, on {j € Qu(Tk)}, The1 = gej A T};ﬁ’e’j and Tk_ﬁ’e’j and oy ; are conditionally independent given F,,

according to Lemma 5.1. Therefore, by (5.6),

1(j € Q) P (Tt = 7 > £, 251 = (R4, )| Fr)
=1(j € Qu(m))P (U[J > 1ty > U&j|fm)

=1(j € Qu(mx)) /toc ‘WP (T,;f}“ > 7+ s\ka) ds (5.13)

Moreover, on {j € Q¢(7x)} where the job (j,¢) is not waiting in queue at time 7, the next event after 7y

cannot be the reneging time of (j,¢) and hence, the probability on the right-hand side of (5.12) is zero.

Therefore, the conditional density g,(ﬁ’f’j ) exists, and for t > 7,

(R,£,5) . gR,e(wé,j(7k) +t- 7k) —R, 0,5
g t—71) =1(j € Qu(m — P(r >t Fr ) - 5.14
k+1 ( k) ( ( k)) Il ,e(we,j( k)) ( k+1 | k) ( )

In addition, analogous to the calculations in (5.13), on {j € Q(7%)}, for every k > 0 and ¢t > 71, we have

1(j € Qu(r) B (ris1 > HF7) = 1(j € Qulri)) P (71" >t ) B (o > 17y,

éR,eLwe,j(Tk) +t—T%)
Gr,e(we,;(k))

=10 € Q)P (™ > t1Fn ) (5.15)

Plugging (5.14) and (5.15) in (5.5), recalling that hr s = gr.¢/Gr, is the hazard rate function associated
to the patience times of jobs of class ¢, and noting that Qy is constant during each interval (7x,7k+1) and
that wy ; is continuous and grows linearly during each interval (7, Ti+1) where j € Qp(1%), we conclude that
the process

oo

Y1 € Qu(m)) hrpe(we(mi) +t =)L (7 <t < 1) = 1(j € Qe(t)) hre(we (1))
k=0

is an {F;}-intensity of Ry ;. O
Lemma 5.4 For every f € C}[0,00) and ¢ =1,..., L, the process {R¢(f;t);t > 0} admits a decomposition
t
Ro(f:0) = [ (b vs))ds + Mra(f50) (5.16)
0

where {Mpg ¢(f;t);t > 0} is a local {F;}-martingale with quadratic variation

[Mpe(f;))(t) = R(f%1). (5.17)
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Proof. Proof. By definition (4.7), we can write R, as

)= Re;(f;t), (5.18)
JE€EZy
where .
Rm%ﬂ=£f@m@%ﬂm@) (5.19)

Consider the setup of Lemma 5.2 with NV replaced by Ry ;, 6(t) replaced by f(wg,;(t—)), and ((t) replaced by
Ry, ;(f;t). Using the from of stochastic intensity of Ry ; given by Lemma 5.3, the process {Mg ¢ ;(f;t);t > 0}
defined as

t
Mpe;(f;t) == Re;(ft) —/ 1(j € Qu(s)) f((we;(s))hr.e(we;(s))ds (5.20)
0
is a local martingale. Summing (5.20) over j € Z;, by definition (2.4) of vy, we obtain,
Re(1:0)= [ 32 10 € Q) F(ns D icalans(9)ds + 3 Mg
JEZe JEZy
t
= [ (bnwn(t) + Mactf:1)
0
where Mpo(f;-) =3 ;cz, MRr.e;(f;-) is a local martingale.

Moreover, almost surely, for j,j' € Z, and j* # j, Re;(f,) and Ry (f, ) are bounded pure jump
processes with no common jump times. Therefore,

[Re;(f / f(we j(s—=))dRy j(s) = Re (% 1),

and [Re,;(f,-), Re,j'(f,-)] = 0. Together with the fact that Re(f;-) — Mg¢(f;-) is a continuous process with
finite variation, this implies

[(Meo(f;)] = [Re(f;)] = [D>_ Rej(f;)] = D [Rej(f5)] = D Rej (%) = Ra(f%).

JEZ, JE€EZ JEZe

5.3 Martingale Decomposition for Service Entry

Recall that a job may enter service either upon arrival if the server is idle right before its arrival, or right
after departure of another job by being selected by the DROS policy while waiting in queue. The process
{ng (t);t > 0}, defined in (4.6), indicates whether the job (¢,j) has yet entered service after waiting in
queue through being selected by DROS policy by time ¢. Recalling that the time of this service entry is
marked by (D, ¢, j), ng has the representation

=Y 1 <1 (2 = (D,4,5) = T((D, £, 5); 1). (5.21)

keN

Lemma 5.5 For every ¢ =1,...,L and j € Z;, an F-stochastic intensity of Kfj is given by

. P .
{1(j € Qe(t)) hs (1) (a(t)) mvt > 0}. (5.22)
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Proof. Proof. To invoke Proposition 5.2, we first need to compute the conditional density g,(ﬁ’f’j ) defined

through
P (ki1 — Tk € A, 21 = (D,4,5)| Fr,) = / 1(3167])( )dz, A€ B[0,00). (5.23)
A

The next event after 7, has a mark z;11 = (9,4, ) if 1) the next event after 75 is a departure, and 2)
the job (¢, 7) is waiting in queue at 75 and is selected for service entry by DROS service policy. Recall that
Tk 1 is the next departure time after 7, and define 7, to be the minimum of all other possible event times
after 7, except for the next departure, that is,

T,;?l = min{nffl;ﬁ =1,..,L} Amin{oy ;¢ =1,...,L, j € Qu(mi)}.

Then 7441 = T,?H AT 3, and 7 +©1 and TI?H are conditionally independent given F, , according to Lemma
5.1. Moreover, on j € Qu(7;) and when 7441 is a departure time, K (754+1) = K(7) + 1 indicates the total
number of service entries up to time 7,41, and hence, the class and index of the next job selected by DROS
policy to enter service (if any) at 7541 is determined by kg (7,)4+1, which is conditionally independent of 7, _ﬁ
and T,?H given F,,, by another application of Lemma 5.1. Therefore, by (5.7) and (5.8),

P (Thyr — 7k >t 2kg1 = (D,4,§)|Fry) =P (781 > 7 + 6,703 > 00, B(m)+1 € Loi(T0)]| Fr) 5

where Iy j(73) is a subinterval of (ae(741),be(7e11)], such that kg (7,41 € Lo (%) leads to the selection of
(¢, ) for the next service entry. By (2.2), the length of the subinterval Iy ;(7) equals

pe B Pe
L - L )
Yoo P Qe (Thy1—) Dy pe Qe (k)

when j € Qu(711), and equals 0 otherwise. Therefore, the right-hand side of display above can be written as

P (k41 — Tk >ty zip1 = (D,4,5)| Fr) =

. e ® gsio(alme) +8) 5
1(j € Qu(m) / A P(r2 > o+ 5| F,) ds. (5.24)
S —1 P Qe (i) Gs,1(n,) (a(Th)) h 7
Therefore, the conditional density g,(C 1 £d) exists, and for ¢ > 7y,
, . 9s,1(r)(a(T) +t — %) P _
gt — ) = 1(j € Qo)) 2L : P >t|F) . (5.25)

Gsim(a(m)) Sk peQe ()

Similarly, using 7541 = T]?+1 ATy fi and independence of T,?H and 7, f;, for every k > 0 and ¢t > 73, we have

G 1(r)(a(m) +1)

1(j € Qu(mi)) P (Thp1 > t1Fr) = 1(j € Qu(m)) P (7.3 > t1Fr,) oty (al7a))

(5.26)

Plugging (5.25) and (5.26) in (5.5) of Proposition 5.2, recalling that hs s = gs.¢/Gs, is the hazard rate
function associated to the service times of jobs of class ¢, and noting that Qy is constant during each interval
(T, Tk+1) and that wg ; is continuous and grows linearly during each interval (73, 7x+1) where j € Qu(7%),
we conclude that the process

oo
Z]l (j € Qu(7, )hS,I(Tk)(a(Tk)+t_Tk) T pe 1(me <t < Tgy1)
k=0 Ee’:l e Qe (Tk)
. D
=1(j € Qut) hs1)(a(t) =————-
25/:1 Do Qe (t)
is an {F; }-intensity of ng. O
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Proposition 5.3 For every f € C}[0,00) and £ = 1, ..., L, the process {K¢(f;t);t > 0} admits a decomposi-

tion

pe(f,ve(s))
Yty P Qu(s)
where {Mg ¢(f;t);t > 0} is a local {F;}-martingale with quadratic variation

[Ms](t) = Ke(f%51).

Ke(fi1) = / hse (a(s)) ds + Mso(f:4), (5.27)

Proof. Proof. We can write

t)=> Ko;(f;t), (5.28)

JEL
where .
Kosfit) = [ fluns(s-)KE,(s), (5.29)
0
Consider the setup of Lemma 5.2 with IV replaced by K?J, 6(t) replaced by f(we ;(t—), and {(t) replaced

by K¢ j(f;t). Using the from of stochastic intensity of Ky ; given by Lemma 5.5, the process { Mg ;(f;t);t >
0} defined as

De
Y g1 P Qe (s)

is a local martingale. Summing (5.30) over j € Z, by definition (2.4) of v, we obtain

Mse;(f3t) == Kej(f;1) —/0 1(j € Qu(s)) hs,1(s) (als)) f((we,;(s)) ds (5.30)

h (s S b ds M. (s
K730 = | 3210 Q60 ) 00 tony () L 3 My (11

oy pelfive(s)) .
—/0 hs,1(s) (a(s)) SN (s)d + Mso(f;t),

where Mg,o(f;-) = >_;cz, Ms,ej(f;°) is a local martingale.

Moreover, almost surely, for j,j' € Z, and j' # j, K¢;(f,-) and K¢ j(f,-) are bounded pure jump
processes with no common jump times. Therefore,

Ko (f / F2(we s (=) AK D, () = Ka g (1% 1).

and [ICr;(f,-), Ko jr(f,-)] = 0. Together with the fact that ICo(f;-) — Mge(f;-) is a continuous process with
finite variation, this implies

[Mso(f3)] = [Ke(f: ) = (D Kej(f5)] = D [Kej(f; )] = > Kej(£%) = K%

JE€EZ, JE€EZ, JE€EZ

6 Proof of Convergence

This section is devoted to the proof of Theorem 3.1. We Consider a sequence of scaled DROS queues with
arrival processes, service times and patience time as described in Section 3.1, and study the asymptotic
properties of of the sequence of state variables {#™},,en, by proving tightness and characterizing its subse-
quential limits. First, we study dynamic evolution of the scaled processes in Section 6.1. Section 6.2 contains
a law of large numbers limit for primitive processes. In Section 6.3, we prove tightness for the fluid-scaled
sequence of state variables and other auxiliary processes, and finally, subsequential limits are characterized
in section 6.4.
Throughout this section, to simplify notation, for f € Cy[0, 00), we use || f[| to denote || f|lcc = sUp,e(g a0y 1f(5)]-
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6.1 Dynamics of the Scaled Processes

Recall from section 3.1 that we consider a sequence of queueing systems indexed by m, where arrival process
and service rates are accelerated. Writing equation (4.14) for the the queueing system indexed by m, dividing
both sides of the equation by m, recalling that E}* = E}*/m, and defining the fluid scaled quantities

RPN = SRPW, RP(F0=RE(F0, K0 = K[, KP(fi0=KP(G0,  (61)

we can write the equations governing the dynamics of the fluid-scaled processes v} as
t t ~ ~ -
(fiw" (1)) = {f, 7" (0)) +/0 <f’792"(«9)>dsJrf(O)/0 L(I™(s=) # 0)dE}"(s) = R{* (f;1) — K7 (f;1)- (6.2)
In addition, invoking Propositions 5.4 and 5.3 for the queueing system with index m, we can write the

martingale decompositions for the fluid-scaled processes Rj* and Ii’f. Namely, recalling that hig, = hr,
and h'¢',(z) = mhs(mz), for every f € Cy[0,00) we have

RP(f:1) = / (P, 7 (3))ds + N2, (f:8), (6.3)

where {]\ngfé(f; t);t > 0} is a local F-martingale with quadratic variation

I F5 Y = — o RE(F%50), (6.4
and
pf<f7 Dgn(s»
25:1 pé/Q?'l(s)

where {J\ngfé(f; t);t > 0} is a local F-martingale with quadratic variation

t
K (f51) = /0 hs.ime) (ma™ (s)) ds + SIZY(f:1), (6.5)

(B (F: Ve = — K (F%50) (6.6)

Plugging (6.3) and (6.5) in (6.7), we obtain

t

(77 ) =(F, 57 (0)) + £(0) / 1(X(s—) > 0) dBP (s) + / ' = Fhie, 5 (5))ds

pe(f, 77" ()

t
— hS,I’"(S) (mam(s)) L =~ <
/0 > =1 P QP (S)

ds + Mg () + ME,(t). (6.7)

6.2 Convergence of Primitives and Martingale Terms

Lemma 6.1 For every £ = 1,..., L, almost surely, EP — M\Id in D[0,00) as m — oo, where Id(t) =t is
the identity function. Also for everyt >0, E [E}"(t)] — At as m — 0.

Proof. Proof. This first assertion follows from standard law of large numbers results for renewal processes,
see e.g. (5, Theorem 5.10). The second assertion follows from elementary renewal theorem; see (2, Proposition
V.1.4).

O

Corollary 6.1 It follows from Assumptions 3.1 and Lemma 6.1 that for every T < oo, there exists a constant
Cr < 0o such that fort € [0,T], B B
supE [Q7*(0) + E*(t)] < Cr. (6.8)
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For every ¢ = 1, ..., L, define the sequences of (random) measures {£*} and {H}'} as

Ve,
{4 m 0

B 1 m B 1 m j
‘CZ” = E Zéfijvé,jv HT = Z(Sﬁj / hs’g(u)du, (6.9)
/=1 =1

where recall that {s;;4 = 1,2, ...} is the i.i.d. sequence of random variables that determines the random job
selection in the DROS algorithm. For every m, both measures above take values in Mg 1}, the set of finite
non-negative measures on [0,1]. Note that both measures are constructed directly using primitives of the
queueing system. The following elementary law of large number result will be used later in Section 6.4

Lemma 6.2 For every { =1,..., L,

- 1
Ly=—°L (6.10)
127
and ~
Hy = L (6.11)

as m — oo, where L is the Lebesgue measure on [0,1].

Proof. Proof. The result basically follows from the law of large numbers, independence of ;s and vy ;s,
and the facts that Efvg ;] = 1/pe and

E [/O““ hgx(u)du} _ /OOC (/Ogc hS,z(u)du> gse(z)dz = /Ooo éii((l;)) /uoo gs,0(z)dxdu = /OOO gs.e(u)du = 1.

O

The next two lemmas prove that the martingale terms on the right hand of (6.7) vanish as m — oo.
Lemma 6.3 Fiz f € C}[0,00) and { =1,...,L. Then,
Mg (f;-) =0
as m — 0o, uniformly on compact sets.

Proof. Proof. Fix T' < co. By (6.4), the definition (4.7) of R}, the elementary bound (4.12) (for the m'™®
queue), and the bound (6.8) obtained from Assumption 3.1, for ¢ € [0, 7] we have

e (11, () < L m gy < W (g + ) < 1P < o0

Therefore, by (10, Theorem 7.35), {Mge(f;t);t > 0} is a square integrable F-martingale. Moreover, by
Doob’s inequality, for every € > 0,

2
sup M}}fz(t)‘ > e) < limsup %CT =0,

m—o0 0<t<T m— oo

limsup P <

which in turn shows that, uniformly on compact sets, {Mgfe( f;*)}m converges to zero in probability, and
hence in distribution. ]

Lemma 6.4 Fiz f € C}[0,00) and ¢ =1,...,L. Then,
ng’é(f%') =0

as m — 0o, uniformly on compact sets.
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Proof. Proof. Fix T < co. By (6.6), the definition (4.8) of K7, the elementary bound (4.12) (for the m*®

queue), and the bound (6.8) obtained from Assumption 3.1, for ¢ € [0, 7] we have

(B 120 5 > [Eil
E[K;*(t)] < E|Q7(0)+ E*(t)] < ——C

L leirpo) < g opo) + 2ro) < Mo < o

E [[Mgfe(f; ')M <

Therefore, by (10, Theorem 7.35), {Mg}e(f;t);t > 0} is a square integrable F-martingale. Moreover, by
Doob’s inequality, for every € > 0,

2
sup Mg?z(t)‘ > e> < lim sup %C’T =0,

m— oo 0<t<T m—oo

lim sup P (

which in turn shows that, uniformly on compact sets, {Mg”z( f; ) }m converges to zero in probability, and
hence in distribution. O

6.3 Proof of Tightness

Recall that for a metric space (E,d), a tight sequence of Dg[0, co)-valued random elements is called C-tight
if every subsequential limit takes values in Cg[0, 00), almost surely.

Proposition 6.1 The random sequence {0™ }en taking values in D1 [0, 00) is C-tight.

The proof is given at the end of this section.

6.3.1 Review of Tightness Criteria

We first recall tightness criteria for sequences of random elements in different spaces. Recall from Section
1.1 that w'(f,-,) denotes the modulus of continuity of a function f in D[0, co).

Proposition 6.2 (Kurtz’s criteria for tightness in D[0,00)) A sequence of processes {Y™}men with
sample paths in D]0, 00) is tight if and only if it satisfies the following:
K1. For every rational t > 0,
lim supP (JY™(t)| > r) =0; (6.12)
r—00 m

K2a. For everyn >0 and T > 0, there exists § > 0 such that
supP (w' (Y™, 8, T) >n) <n. (6.13)

Moreover, {Y™}nen is tight if it satisfies K1 and the following condition:
K2b. For each T' > 0, there exists 8 > 0 such that

limsupE | sup |[Y™(t+68)—Y™(@)°| =0. (6.14)
0—=0 m 0<t<T

Proof. Proof. The necessity and sufficiency of K1 and K2a follow from (6, Theorem 3.7.2) and the
sufficiency of K1 and K2b follows from (6, Theorems 3.7.2 and 3.8.6 and Remark 3.8.7). g

The spaces (M, d,) is a separable metric space and thus, it is a completely regular topological space
with metrizable compacts, and hence, so is (ME ,dﬁ). Therefore, we can invoke Jakubowski’s criteria (8,
Theorem 4.6) for tightness of M -valued processes.

Proposition 6.3 (Jakubowski’s criteria) A sequence {n™ = (77", ..., 77") }men 0f Dz [0, 00)-valued ran-
dom elements is tight if

J1. (Compact containment condition) For each T > 0 and n > 0 there exists a compact set Cp, C M such
that for every £ =1, ..., L,

liminf P (77" (t) € Cr,y for allt € [0,T]) >1—n.

m

J2. For every { =1,...,L and f € CL[0,00), the sequence {{f, ") }men is tight in D[0, o).
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Proof. Proof. Condition J1 clearly implies the compact containment condition for the sequence {7 =
(77, ..., w7}, that is
liminf P (7" (t) € Cg, for all t € [0,7]) > 1 —n,

where the L-fold product C%m = Cry X ... x Cp,, is a compact subset of M¥. Moreover, define F to be the
family of real-valued continuous functionals on M¥* that have the form

N L
F(u) =Y TIU# me), o= (1, pr) € M
n=1/¢=1

for some N € N and f;' € C[0,00),n =1,...,N,¢ = 1,..., L. Note that the set F is closed under addition,

and separates points in M¥, that is, for every distinct u, i € M¥, there exists a function F € F such

that F(u) # F(ft). In addition, condition J2 implies that {7™},en is F-tight, that is, for every F € F,

{F (™) }men is tight in D[0, 00). The result then follows from (8, Theorem 4.6). O
For m € D,z [0,00), the jump size J(7) of 7 is defined as

J(m) = il;%) d£ (w(t), m(t—)).

The next result from (3) shows that when jump sizes of a sequences of random process in D,z [0, 00) vanish,
the sequence is in fact C-tight.

Proposition 6.4 A tight sequence {m™ = (77", ...,7") tmen of Dz [0, 00)-valued random elements is C-

tight if and only if J(7™) = 0 as m — oc.

Proof. Proof. The result follows from applying Theorem 13.4 in (3) to any converging subsequence of
{Wm}mGN' 0
6.3.2 Proof of Compact Containment

For any constants M > 0, define the subset Cp; of M as

Crri={pe M : (1,p), (x,p) < M},

where recall that 1(z) = 1 and x(x) = z for all x > 0. It follows from compactness conditions (9, Theorem
4.2) for subsets of M that the closure Cy; of Cp is a compact subset of M.

Lemma 6.5 For every T < co and n > 0, there exists M = M(T,n) such that for every { =1, ..., L,
liminf P (7" (t) € Cpp for allt € [0,T]) > 1 —n. (6.15)

m

Proof. Proof. Recall that (1,7)") = Q7*(t) is the fluid-scaled number of jobs of class ¢ waiting in queue
at time ¢. The mass balance inequality (4.11) and monotonicity of Ey* implies that for every t € [0,T],
Q7 (t) < Qy(0) + E*(T), and hence, using the bound (6.8), we have

lim sup E { sup (1, Uzn(t»} <limsupE [EZ(T) + QZ(O)} < Cr.
m 0<t<T m

Therefore, choosing M > 2C7 /1, using Markov’s inequality one has

limsup P ((1, 75" (t)) > M for some ¢ € [0,T]) < limsup iIE] { sup <1,172”(t)} < (6.16)

m 0<t<T

o3

Moreover, for every t € [0,T] and every job (¢,7), we ;(t) < w,; and hence,

E.(T)

0
m 1 1 1
06t (t) = m 5 wy,;(t) < m E w5+ m g 1 Ty, j
=

JEQu(t) J=—Qe(0)+1
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Since the arrival process and the initial queue length are independent of patience times and the sequence of
patience times {wy ;}; for jobs of class ¢ are iid with mean 1/7¢, by Wald’s lemma (2, Proposition A.10.2)
we have

limsup E [ sup (x, V?(f)}} <limsupE [Q7(0) + EJ*(T)] E [we,1] < ﬁ
m 0<t<T m e

Therefore, for M > 2Cr/(vm), by another application of Markov’s inequality,

1
limsup P ({x, 7;"(t)) > M for some t € [0,T]) < limsup ME [ sup (X,Vg’l(t)] < - (6.17)
m

m 0<t<T

N3

Equation (6.15) with M > 2C;(1 +~,)/(ven) then follows from (6.16) and (6.17), and the definitions of Cy;
and Cyy. O
6.3.3 Tightness of {(f,7;")}0o_;

We now show that the sequence {7} },,, satisfies condition J2 of Proposition 6.3 for any fixed ¢ € {1,2, ..., L}.
We first need to prove the tightness of an auxiliary process. For every m € N, £ =1,...,L, and f € C{[0,00)
define

LI w) g,
Yoty P Qf (u)

Lemma 6.6 For every { =1,...,L and f € C{[0,00), the sequence { A7 (f;-)}men is tight in D[0, 00).

AP(fit) = / sy (ma™ (1)) (6.18)

Proof. Proof. Recall by Assumption 2.3 that for every £ = 1, ..., L, the hazard rate function hg is bounded
by a constant H, and note that |(f, 7)"(u))| < || fI|Q}*(u) for all w > 0. Therefore, for every 0 < s <,

th mw) (ma™ (u Mdu
[ hsmn )

A7 (t) — A7 (s)| < < [IFIHt = 5. (6.19)

We now verify Kurtz’s criteria of Proposition 6.2 for {f_lz”( f;-)} using the bound above. First, using
(6.19) with s = 0 implies that for every ¢ > 0, P(sup,, |A}*(¢t)| > r) = 0 for r > || f||Ht, and hence condition
K1 holds. Moreover, by another application of (6.19) with ¢ = s + §, we obtain

lim supE [ sup |A}(s+9) — 14_12”(5)|] < lim sup || f||Hd =0,
0—=0 m 0<s<T 6—0 m

and hence condition K2a holds with g = 1. O

Lemma 6.7 For every f € CL[0,00), the sequence {{f,U]")}m is tight in D0, 00).

Proof. Proof. Recall that by equation (6.7) and definition (6.18) of AP*(f;), for t € [0,7],

t

(5 (6) =(f. 7 (0)) + £(0) / 1(X(s-) > 0) dEp(s) + / U = i, 77 (s))ds
— AP (f;t) + Z\ng@(t) + ngz(t). (6.20)

We show tightness for {(f,7}")}m by verifying Kurtz’s criteria of Proposition 6.2 for each term on the
right-hand side of (6.20) separately.

For the sequence corresponding to the first term on the right-hand side of (6.20), note that by Markov’s
inequality, for every m € N and r > 0,

sup E [Q7"(0)] .

m

sup P(|(f,7(0)] > r) < sup P(|f]Q}"(0) >r) < ||TL||
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Since E [Q}*(0)] < 0 by Assumption 3.1, the sequence {(f,7;"(0))}men satisfies condition K1. Condition
K2a trivially holds for {({f,7;*(0)) }men-
For the sequence corresponding to the first term on the right-hand side of (6.20), note that the bound

/t 1 (I™(u—) # 0)dEP(u) < E™(8) — E™(s),  Vs,t € [0,T], (6.21)

implies

w'(/o' 1(I™(s—) # 0)dE™(s),8,T) < w'(E",8,T). (6.22)

Since the sequence {EJ"},, converges in D[0, 00) to the deterministic limit A,Id almost surely (and hence in
distribution) by Lemma 6.1, it is a tight sequence and thus satisfies conditions K1 and K2a of Proposition
6.2. The validity of conditions K1 and K2a for the sequence { f; 1 (I"™(s—) # 0) dE{"(s)}m follow from the
bounds (6.21) (with s = 0) and (6.22), respectively, and the corresponding conditions for {E}"},,.

For the sequence corresponding to the first term on the right-hand side of (6.20), using the bound (4.11)
and monotonicity of EJ*, we have Q7'(s) < Q7*(0) + Ey*(T) for all s € [0,7]. Therefore, recalling that
lhr.ell < H by Assumption 2.2 and using the bound (6.8),

t+4
s }\ / = th,w?(s»ds)] <1+ 171l

46
JswpE | swp [ Qr(s)ds
te[0,7—4 m

supE
m te[0,7—6] Jt

< S+ HIFID sup B [QF (0) + B (T)]

< (Il + HISDCr- (6.23)

The sequence { [, (f' — fhre, 77 (s))ds}m therefore satisfies conditions K1 and K2b (with 8 = 1).
Finally, tightness for sequence {A}*(f;*)}men, {ME o(f;+)}men, and {Mg(f;-)}m is proved in Lemmas
6.6, 6.3, and 6.4, respectively. This completes the proof. O

Proof. Proof of Proposition 6.1. Tightness of {#" = (7}*;£ = 1,..., L) }men in Dpyc[0,00) follows from
Lemmas 6.5 and 6.7, and the Jakobovski’s criteria of Proposition 6.3. To prove the C-tightness, we need to
show that the jump sizes vanish.

For every m € N, define Q™ to be the set of realizations w on which in queueing system with index m,
all arrivals, renegings, and departures of all jobs of all classes occur on distinct times, and for every finite
time ¢, the total number of arrivals, renegings, and departures occurred during [0, ¢] is finite, which has full
measure (see Remark 4.2). On Q™ and hence almost surely, for every t > 0, the sets Q7*(t) and Q*(t—) of
job indices that are waiting in queue at time ¢ and right before time ¢, respectively, differ at most by one job
index. Therefore, since for every j € Z and ¢ = 1,...,L, t — w, ¢(t) is continuous by definition, v}"(t) and
v (t—) at most differ by one delta mass, which implies dpy (77" (¢), 7" (t—)) < 1/m, where dry is the total
variation metric. Finally, since the Prohorov metric is bounded by total variation metric (see (7, Equation
(2.24) of page 36)), we conclude

J(P™) = sup dﬁ(ﬂm(t),ﬁm(tf)) =sup sup d,(7(t), 7 (t—)) <

1
—, (6.24)
t>0 t>0 ¢=1,...,.L m

and hence J(0™) = 0, as m — oo. C-tightness of the sequence {7™},,en then follows from Proposition 6.4.
O

6.4 Characterization of Subsequential Limits

By Proposition 6.1, the sequence {#"™ = (770 = 1,..., L)} men is tight in Dy4[0,00), and therefore every
subsequence {7 },,cm has a further subsequence {7 },,em such that {7} converges to a limit 7 = (7y; £ =
1,...,L) along h. Our goal is to find a characterization for the subsequential limit .
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Fix f € C}[0,00). Combining Assumption 3.1 and the results of Proposition 6.1 and Lemmas 6.1, 6.6,
6.3, 6.4, and 6.2, we conclude that the sequence {Y™},,cn defined as

Y= (Dzn(o)vpzn’EznaAZl(fv ')7Mgl(f;')ng?£(f; ')7Rmvzzlv7_zzn;€ =1,...L),
is tight in the space ) defined as
YV i= ML x D ]0,00) x D[0, c0)EHL x M2E,

and hence the subsequence {Y},,em has a further subsequence {Y™},,cm that converges in distribution
to
_ _ [
Y = (54(0), vy, Add, Ag(f, ~), 0,0K,—L,L;0=1,..., L),
He
where 0 is the zero function in D0, 00).
As a first step to characterize 7, the next lemma shows the mapping ¢ — () is continuous.

Lemma 6.8 Almost surely, the mapping t — v(t) is continuous.

Proof. Proof. Fix f € C}[0,00) and T' < oo. Since at most one event (arrival, reneging, or service entry)
happens at each, the sets Q}*(t) of jobs of class ¢ waiting in queue only changes by at most one element from
t— to t, and hence,

.7 @) — 57 ) < I,

for all t € [0,7], and hence Jr((f,7;")) < || f||/m, where Jp(z) is the maximum jump size of a function
x € D[0,00) on [0,7]. Therefore, by (3, Theorem 13.4), the mapping ¢ — (f,7(t)) is continuous almost
surely, which implies the result. OBy Skorokhod representation
theorem, there exists a sequence (possibly on a different probability space) whose elements have the same
distributions as Y™, m € rn, that converges almost surely to a limit with the same distribution as Y. Since
we are only interested in the distribution of the limit process, we denote this new sequence and its limit by
{Y™},.en and Y again. Finally, since the limit process Y is continuous almost surely by Lemma 6.8, the
convergence in the Skorokhod topology implies uniform convergence on compact sets.

In summary, for the rest of the article we can assume that there exists Qo C Q with P(£g) = 1 such that

for every w € Qy, - -
Y™ =Y (6.25)

as m — oo, uniformly on compact sets.

6.4.1 Lipschitz Continuity of the Limit Process
For the rest of this section we fix f € C}[0,00) and w € Q.
Lemma 6.9 Fiz T < co. There exist Ay > 0 and sequences {cf*} | 0 and {c]'} | 0 such that

a. for everyl =1,...,L
[(f, 20 (0) = {f, 2e(0))] < g (6.26)

b. for every £ =1,...,L and s,t € [0,T],

[(f 78" (s)) = (£, 7" ()] < Agls —t] + cf" (6.27)
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Proof. Proof. The bound (6.26) follows from convergence of the first component in (6.25). To see (6.27),
recall that for every 0 < s <t, by (6.7),

(ol 0) = (£, () = / (f = Fhre 7 (w))du + £(0) / 1(X(u—) > 0) dEJ (u)

pelfs 172"_(11» du
i1 P Q (u)

+ Mg o(fit) = ME(f;5) + M5 (fit) — Mg, (f:5). (6.28)

- / s,y (ma™ ()

For the first term on the right-hand side above, recalling from Assumption 2.2 that the hazard rate hpr ¢ is
bounded by constant H,

t
(f" = fhee, 7" (w)du < (If]] + HfIIH)/ Q7' (w)du,

By (6.25), Q7" = (1,7,") converges uniformly on [s, ] to the continuous function @ = (1,7), and therefore,
there exists a constant Cp = Cr(w) such that Q}*(u) < Cr for every large enough m. Hence,

(f' = fhre, 7" (w))du < Co(| /| + I FIH)IE = s]- (6.29)
For the second term, since EJ" converges to A,Id uniformly on [s,t], there exists a sequence {¢7*} | 0 such
that |E}"(t) — Aet| V |EJ*(s) — Aes| < cf*. Therefore,
t — — — —
| 1) > 0)dBr ) < By ) - B1G)
< |ETH(t) — At] + [EP () — Aet| + Ae|t — s
<2 + Aelt — 5] (6.30)

For the third term, recalling from Assumption 2.3 4 that the hazard rate function hs.¢ is bounded by H and
since the fraction in the integrand is bounded by || f||,

th m(w) (ma™ (u Mdu<[i t—s 6.31
[ s tma ) S < e o (6:31)

Finally, by (6.25), the sequences of martingales { Mg ,(f; )} and {Mg,(f;-)} converge to zero uniformly on
compact sets, and hence there exists a sequence {c5'} | 0 such that

|Mgz(f;t) - M}?Z(f;s) + Mg?z(f;t) - Mg}e(f; s)| < eyt (6.32)
The bound (6.27) follows from (6.28)-(6.32) with

Ay = max {(1+Cr)(|f']| +2H|f]) + Ac},
and ' = 2 + 5. .
Taking the limit as m — oo in (6.27), we conclude that the limit points are Lipschitz functions.

Corollary 6.2 For every w € Q, f € C{[0,00) and T < oo, {f, ) is locally Lipschitz continuous on [0, T
with a constant Ay, that is, for every s,t € [0,T],

(£ 2e()) = (f, ()] < Agls —t]. (6.33)

4Can remove bounded hazard rate assumption on service time distribution.
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6.4.2 Equations Governing the Fluid Limit

Since Lipschitz continuity implies absolute continuity, we have thus proven that with probability one, tra-
jectories of (f, 7y) are absolutely continuous and hence have derivative almost everywhere. We show that its
derivative is given by equation (3.2). For the rest of this section, we fix a realization w € Qg and f € C}[0, 00).

Define .
)= Qult)

(=1

to be the fluid limit of the total number of jobs in queue (of all classes). The derivative of (f, 7;)(t) depends
on whether the queue is empty at time t.

Lemma 6.10 Let t > 0 be such that Q(t) = 0 and (f,v,) is differentiable at t. Then,
d
— vp(t)) = 0.
g fome(t) =0

Proof. Proof. Note that since Q(t) =

(o)) < NIFIKL, 2e(0)) = [ F11Qe(t) < I FIQ() =

Since the function u — (f, 7;(u)) is non-negative and differentiable at ¢, its derivative at ¢ needs to be zero.
O

Lemma 6.11 For every { =1,...,L, t € [0,T] and € > 0, there exists M < oo such that for allm > M,
[, 00" (w) — (f, 2e(@))] < 20, Vu € [t,t + €. (6.34)

and in particular, - -
|Q7 (1) — Qe(t)] < 2Aq¢, Yu € [t, t + €. (6.35)

In addition, if Q(t) > 0 for some t > 0, then there exists € > 0 and M < oo such that Q™ (u) > 0 for every
u € [t,t+ €| and m > M.

Proof. Proof. Fix € > 0. For every u € [t,t + €] and m € N,

(v (W) = (s ve @) < [, 7" (w)) = (Fs e(u)) | + [{Fs ve(w)) = (f, e (D).

Since (f, 7y) is Lipschitz continuous with constant Ay (Corollary 6.2), |(f, Ze(w)) — (f, 7¢(t))| < Ase for every
u € [t,t + €]. Moreover, by (6.25), (f,7;*) converges to (f,7,;) uniformly on [t,t + €], and hence for large
enough m > M, |(f,v¢(w)) — (f, 7 (t))| < Ase, and therefore (6.34) follows. Since Q, = (1,7), (6.35) follows
on plugging f =1 in (6.34). Finally, for u € [t,t + €],

L
Q™ (u) — Z Q" (u) — Qu(t)| < 2LAqe.
-
The last claim then follows from the display above with e = Q(¢)/4LA; > 0. O

Lemma 6.12 For every t > 0 with Q(t) > 0, K is differentiable with derivative

df(t _ ZeL=1 peQe(2)

"= g, (6.3

27



Proof. Proof. By definition, the derivative is given by

d - K™(t — K™(¢
LR (#) = tim Tim L+ ®.
dt e—0m—0 €

We compute the limit as € | 0; the computation of the left limit is exactly identical. Fix € > 0 as small as
required by Lemma 6.11. Therefore, by that lemma, Q™ (u) > 0 for all large enough m and u € [t,t + €],
and hence the server is never idle during [t,t + €]. Therefore, service times of jobs that have been served
during [t,t 4 €] should approximately sum up to e. To make this precise, recall that K™ is the total service
entry process, and let {7];-"; }jen be the epoch times of K™. Recall from Section 2.1 that the 4t job to enter
service (at time 7}") will be of class £ if x; € [aj"(n]"), b (n]")) where aj* and b;" are defined in 2.3, we have

K™(t+e)—1 L K™ (t4¢) L ;
m m 2 m m [74
Z Z Kj € n;"), bg" (n] )) LI << Z Z]l Kj € ni"), b7 (n5"))) m] (6.37)
J=Km(t)+1 £=1 J=Km(t) =1

Since K™ converges to _I_( uniformly on [¢t,t + €] by (6.25), there exists an M such that for all m > M and
u € [t,t+ €], K™(u) € K(u) + €2, and hence

mK(t) —me* < K™(u) < mK(t +¢€) +me’. (6.38)
Moreover, by (6.35), Q¢(t) — 2A1e < Q7' (u) < Qu(t) + 2A1¢, and therefore,
[as(e) , ble)) C [ag"(n}") , 07" (") ) € [@e(e) , be(e) ), (6.39)
with
30(e) = z%;ll peQu(t) =2Lhae () = 2%21 peQu(t) + 2LA e
> =1 P Qe (t) +2LA1€ > p—1 PoQu(t) —2LAse
ay(0) = Zii;ﬂ peQu(t) + 2LAse = Sy perQu(t) — L2Ase.
> =1 PeQu(t) — 2LAs€ Sp—1 e Qu(t) + 2LAse
when note that _
tim Be(€) — a(e) = lim by(€) — a,(c) = % (6.40)
Therefore, plugging in (6.38) and (6.39) in (6.37) we have
[mK (t+e)+me*|—1 L e [mE (t+e)+me®] L B "y
D Lk € fag(eh b)) <e< Y Y 1wy € [ar(e),be(e)) —
j=[mK (t)+me2] 41 £=1 j=lmK (t)+me?] £=1

Recall from the definition (6.9) of £ that for £ = 1,..., L and I = [a,(€),b(€)) or I = [ag(e), be(e)),

Z 1(k; €1) ”ﬁj’ =L (D).

Therefore, taking m — oo using (6.10) of Lemma 6.2, we obtain
K — K — K(t -
(t+e Zb a@ §1§ (t+e Zbe a(e) (6.41)
o= =1
Finally, taking € — 0 and using (6.40), we have
L ~ L ~
d - 1 t d - 1 t
SR 7%27@(_) <1< SKMY) —Lprif(_) (6.42)
dt =1 He 2221 pZQé(t) dt =1 Hee 22:1 pEQZ<t)
which proves (6.36). O

Lemma 6.13 For every £ =1,...,L and t > 0 with Q(t) > 0, Ay(f;-) is differentiable at t with derivative

A (F:t) = pel f,ve(t))

— (6.43)
dt ZeL/=1 %,Qf’ (t)
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Proof. Proof. Fix € > 0 as small as required by Lemma 6.11. Plugging in the bounds (6.34) and (6.35) in
the definition (6.18) of A}*(f;-), we obtain

pelf, De(t)) — pece
Zi:l per (Qur (t) + ce

t+e _ B
) /t hs rm ) (ma™ (u)) du < A™(t +€) — A™(t) (6.44)

pe{f,e(t)) + pece
B 25:1 per(Qu (t) — ce

To find bounds for the integral in the upper and lower bounds above, note that by Lemma 6.11, Q™ (u) > 0
for all large enough m > 0 and u € [t, ¢+ €], and hence the server is never idle during [¢, ¢+ ¢]. Recalling that
{77 } are the epoch times of the total service entry process K™ and using the bounds Nim () << Mm@ 4+1,
we have the following lower bound

t+e
| /t hs.im (ma™ (W) du  (6.45)

t+e K™ (t4e)

/ hg,rm(uy (ma™ (u)) du Z/ hg,rm(uy (ma™ (u)) du
t NK™ (t)+1
K’”(t—i—e) 1

Mi+1
> / b,y (ma™ (u)) du
Km(t)+1 3

K701 L mo

> 5 S 1y € [ (), b () / hse(ma™(w)du  (6.46)

Km(t)+1 £=1 nj

Since the server busy during [t,t+ €], the age a™(t) of the job in service is zero at each 7;, and grows linearly
with unit speed during [n;,7,+1), and when the job in service during that interval is of class ¢, we have
nj41 — n; = ve,j/m. Therefore, on {k; € [a]*(n;),b7*(n;))}, the last integral in the right-hand side of (6.46)
can be written as

Mj+1 Nj+1—"7; (Mj+1—n5)
/ hs.e (ma™(u)) du = / hs.e (mu) / hse(u)du=— / hs (u
0 m m

nj

(6.47)

Plugging (6.47) in (6.46), using the bounds (6.38) and (6.39), and changing the order of summations, we
obtain

|mK (t4€)+me? | —1

t+e 1 L v, j
/f s (ma™ ) du> =373 (s € [ag(0), by(6)) /0 hso(u)du,  (6.48)

=1 j=[mK (t)+me?]+1
We can obtain the upper bound bellow in a similar fashion:

L [mK(t4€)+me?]
=

S Yty cm@it) [Chsiman @4

1j=[mEK (H)+me?]

t+e 1
hs.pm u< —

/t S, I™ (u) (ma’ = m
Taking the limit m — oo from both sides of (6.48) and (6.4.2) and recalling from (6.25) that ;" converges

to g, K™ converges to K, A7*(f;-) converges to Ay(f;-) and H converges to the Lebesgue measure £, we
conclude

L
]?(f’”e(,)) P (K(t+e)— K1) Y byle) —agle) < A(t +¢) — A1)
Sty per(Qu(t) + ce) =
PAF T FPece (o e N SSE ae
ST O e (K(t+¢) K(t)); o(€) — de(e) (6.50)
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Dividing all sides by ¢, taking the limit ¢ — 0,

<fa VK d + <f7 VE _
lim by(e) — a,(e) < —A(t) < lim by(€) — ag(e)
Zg, 1P Qe'( d g/zl =0 dt Z@ 1 prz/( d g/Z:l =0
Finally, substituting d/dtK (t) from (6.36) and using the fact that by (6.40)
Zmbz Zg%bg ) — ag(e) = 1,
(6.43) follows. O
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Appendices

A  On Marked Point Process T

In this section, we prove Lemma 5.1. We first recall the following lemma from (1) that is used in the proof
of Lemma 5.1.

Let Y and W;,i > 1, be RU {oo}-valued random variables defined on a probability space (2, F,P), and
let G C F be a g-algebra such that W;,7 > 1 and Y are conditionally independent given G. For ¢ > 1, define

Fi(a) :=P(W; > alG), a>0.

Also, define T' = min(Y, W;;i > 1) and let Z be a discrete-valued random variable such that {Y < min(W;;i >
1)} ={Z = 2*} for some value z*.

Lemma A.1 Suppose Y,W;;i > 1,Y,T and Z are as described above. Then, on {Z = z*}, W;;i > 1, are
conditionally independent given G, T and Z, that is, for everyn > 1 and by, ...,b, >0,

1(Z=z)P(W;>T+b;i>1|G,T,2) =1(Z = z*)HIP’(Wi >T+b|G,T,2), (A.1)
=1
and, for b >0,
Fi(T+0b)

1(Z=2)P(W; >T+0b|G,T,Z) =1(Z = z*) FAT)

(A.2)
Lemma A.1 is proved in (1, Lemma A.5).

Proof. Proof of Lemma 5.1. We prove the lemma by induction on k. Suppose by induction hypothesis
that T,f’é,ﬁ =1,..,L,00;,0=1,...,L, j € Qu(1k—1), and 7 are conditionally independent given F,, ,, and
that equations (5.6)-(5.7) hold with k replaced by k — 1, that is,

Gro(wej(Th—1) + )

L(j € Qu(re-1))P (00 = Tho1 > 2| Fr,) = 1(5 € Qu(7r-1)) Groo(we(Th-1))

, x>0, (A.3)

G Th
L) £ 0P (F =y > ol ) = 1) #0) SHEDERED o a
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We partition the sample space based on possible values of the mark z; and the status of the server (idle or
busy) at 7,x—1, and prove the result by constructing the underlying random variables on each of the sets in
this partition. Recall from (5.1) that the next event after 7,_; is given by

TR = min{Tk@’z;é =1,., L} Amin{op ;0 =1,...,L,j € Qu(rp_1)} ATL. (A.5)

In the following, for every time ¢ > 0, define B, := {I(t) # 0} to be subset of realizations on which the server
is busy at time ¢. The following are all the possibilities for the event type at 7.

1. An arrival occurs at 7. For every pair (¢*,5*) with I* € {1,...,L} and j* € Z, define the event
Aps jo = {2z = (&,£*,7*)} on which the next event is the arrival of the job (¢*,;*). Note that on Ag -,
TR = Tf * , and the forward renewal time for the arrival process of jobs of class ¢* will reset after 75, while

it remains unchanged for the arrival processes of jobs of other classes, that is,
e el _ _Er *
Tigt1 = Tk T Uer Ey(r)+1 Tpp1 =T for £#£ L7,

where ug- g,(r,)+1 is the next interarrival time of the renewal process Ej after 7.
Moreover, when the server is busy right before this arrival, the job (£*,j*) will be added to the set of job
indices of class £*, and the next departure time after 75, will remain unchanged. That is, on Ay j» N B, _,,

Qo (1) = Qo (e—) U {§™},  00ejo = To + e oy, Qu(Tr) = Qe(Ti—r) for L#£ 0%, 72, =77

By an application of Lemma A.1, with G replaced by F,,_,, T replaced by 7, Z replaced by zi, 2* replaced
by (&,¢*,5*%), Y replaced by t,f’é*, and the sequence Z; replaced by other random times on the right-hand
side of (A.5), we conclude that on Ay j« N B, ., T]S_;_Zl,f #0005, =1,..,L, j € Qu(1k—1) and T];D
are conditionally independent given F,, = Fr _, A o(7,2). Also, T,fff — Tk = Up« By(ry)+1 15 the next
interarrival time of the renewal process Ej after 7, and hence is independent of other random variables,
given F. . Moreover, the equation (A.2) of same lemma with F; replaced by the conditional distribution
given in (A.3), implies that for all (¢, 7) # (¢*,5*) and all z > 0

1 (Ag j» N Br,_, N{j € Qu(1i)}) P (005 — T > | Fr,) =1 (Aps j» N Br,_, N{j € Qu(mi)})

Gre(we (i) + 7)

Groe(we;(Tk))

(A.6)

and by another application of (A.2) with F; replaced by the conditional distribution given in (A.4), for all
z >0,

G 1(r)(a(Th) + )

G, 1(n) (a(T))
Note that we have used the fact that on A« g+, w(Tk—1) + 7% — Th—1 = w(7k) and a(Tk—1) + 7% — Te—1 = a(7%)-
Moreover, since oy« j« — T, = @y~ j= is the patience time of a newly arrived job, and hence is independent of
the current observations F,, and satisfies

1(Ap j» N By )P (151 — 76 > 2| Fr,) = 1 (Ae» j= N By, ) (A.7)

el Gre-(we (k) + @)
P(@e g > ) = Cre (@) = %RZ (wz j ()Tk:))
ox (wps j=

)

where the second equality holds because wg« j«(7;) = 0. Therefore, (A.6) hold for all pairs (¢, j), including
(¢, %),

On the other hand, when the server is idle before the arrival, the job immediately enters service and
hence, the queue remains empty and the time until the next departure at 7 is set to be equal to the service
time requirement of the job in service. That is, on A j« N By, |,

Q[(Tk) = @ for ¢ = 1,...,L, 7']?+1 = Tk +U€,K(‘rk)-

By an application of Lemma A.1, with G replaced by F., T replaced by 71, Z replaced by zg, 2* replaced

k—1)

by (&, ¢*,j*), Y replaced by t,f’g*, and the sequence Z; replaced by other random times on the right-hand
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side of (A.5), we conclude that on A j~ N BS, |, Tk@fl,f =1,...,L, and T,? are conditionally independent

given F,, = Fr._, No(Tk, 2x), and for all (¢,7) and all z > 0
Apje N Br,_, N{j € Qu(mi)} = 0. (A.8)

Moreover, since 7',3_1 — Tk = VK (r,) i the service requirement time of the job just entered service, it is
independent of the current observations F;, and satisfies

éS,I(Tk)(a(Tk) + )

1 (Ag*’j* N B‘I’k—1) P (7'211 — T > :E|.7:.,-k) = 5571(%)(%) =1 (Az*,j* n B‘rk_1) és P )(a(Tk))
ATk

(A.9)

where the second equality holds because a(7;) = 0 on A ;« N By, .
2. A reneging occurs at 7. for every pair (£*,j*) with ¢* € {1,...,L} and j* € Z, define the event
Co~ j» = {zr = (R, *,7*)} on which the next event is the reneging of the job (¢*,j*) from the queue. Note
that Cp- j« = {rx = O'g*,j*}, and on Cy- ;-

e = for £=1, L, Qe(m) = Qe (mo\(J™}, Qelmy) = Qelrin) for €467, 72y =72,

By an application of Lemma A.1, with G replaced by F, _,, T replaced by 7, Z replaced by 2, z* replaced by
(R, £*,5*), Y replaced by o~ ;+, and the sequence Z; replaced by other random times on the right-hand side
of (A.5), we conclude that on Cy- j-, Tk@fl,ﬂ =1,...,L, 00,0 =1,...L, j € Qu(7y;) and 72 are conditionally
independent given F,, = F,,_, Ao (7k, 2r). Moreover, as above, the equation (A.2) of same lemma with F;
replaced by the conditional distribution given in (A.3), implies that for all (¢,7) and all x > 0

Groo(we (1) + )
Gre(we,;(1))

and by another application of (A.2) of same lemma with F; replaced by the conditional distribution given
in (A.4), for all z > 0,

1 (Cg*’j* N {j S Q@(T}J})P(O’g’j — TE > .%“f-,—lc) =1 (Cg*’j* n {] S Q((Tk)}) , (A.lO)

G, 1(r)(a() + 2)
Gs,1(r,)(a(Tk))

1(Co j) P (1121 — 7 > | Fr,) = 1(Co j+) (A.11)

3. A departure occurs at 7; immediately followed by a service entry. For every pair (¢*,j*) with
I* € {1,...,L} and j* € Z, define the event Dy« j« = {2z = (D, ¢*,j*)} on which the next event is the
departure of the job in service immediately followed by the entry of the job (£*,;*) to the service. Note that
on Dy« j=, T, = ’7']? and

el =t for £=1,.., L, Qe (1) = Qe (m—)\{J™ ), Qe() = Qelmp—s) for £ #£ 05, 721 = b ge(ry)-

By an application of Lemma A.1, with G replaced by F,,_,, T replaced by 73, Z replaced by z, z* replaced
by (D, 0*,5*), Y replaced by T]? , and the sequence Z; replaced by other random times on the right-hand side
of (A.5), we conclude that on Dy« -, T,ffl,ﬁ =1,.,L,and 0¢;,¢ =1,..,L, j € Q(1x) are conditionally
independent given F,, = Fr,_, Ao (7g, zx). Also, TI?H — Tk = Vg K (r,) 1 the service requirement time of the
job (£*,7*) that enters service at 71, and hence is independent of other random variables, given F,,. Again,
the equation (A.2) of same lemma with F; replaced by the conditional distribution given in (A.3), implies
that for all (¢,7) and all x >0

Gro(wpj(i) + )
Gr(we,j (7))

Moreover, since T,?H — Tk = Vg, K(r,) i the service requirement time of the job just entered service, it is
independent of the current observations F,, and satisfies

1(Dg+ j« N{j € Qu(mi) NP (00,5 — T > | Fr,) = L (Dp= j» N {j € Qe(mk)})

, (A12)

— G ylalmg) +x
1(Dpe jo) P (21 — 7 > 2| Fr) = Cssm) (@) = 1 (Do o) —21 wlalm) +2) (A.13)

Gs.1(ry) (a(Tk))
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where the second equality holds because a(7;) = 0 on Dy« j«.

4. A departure occurs at 74, that leaves the system empty. Finally, define the event Dy := {2, =
(D,0)} on which the next event is the departure of the job in service and the service remains idle after the
departure. Note that on Dy, 7, = T,? and

ol =t for ¢ =1, L, Qu(m) =0for € =1,...L,, 705, = oc.
By an application of Lemma A.1, with G replaced by F-,_,, T replaced by 7, Z replaced by zj, z* replaced
by (D,0), Y replaced by T,? , and the sequence Z; replaced by other random times on the right-hand side of

(A.5), we conclude that on Dy, Tk@fp ¢ =1,..., L, are conditionally independent given ., = F-,_, Ao (7, 2k)-
Moreover, note that on Dy, there are no jobs in queue at time 7, that is, for all (¢, j),

Dy = N{j € Qu(mi)} =0, (A.14)

and the server is idle at 7, that is,
{I(7x) # 0} N Dy = 0. (A.15)

Putting all the cases together, we conclude that Tffl,é =1,..,L,005,0=1,....L, j € Qu1s), and T,a_l
are conditionally independent given F,, . Moreover, (5.6) follows on summing (A.6), (A.8), (A.10),(A.12),
and (A.14) over all £ = 1,..., and j € Z, and (5.7) follows on summing (A.7), (A.9), (A.11), (A.13), and
(A.15) over all ¢ =1,..., and j € Z.

Finally, given F,, , Kx(r,)+1 is drawn from an i.i.d. sequence of uniformly distributed random variables,
that are independent of all other random variables, and hence, (5.8) is satisfied. ]

B List of Notation

B.1 Primitives

E, Arrival process of class £
R, ; | indicator function of reneging of job j of class ¢
K, ; | Counting service entry process

ug,; | Inter-arrival times of class ¢

¢ arrival rate of class ¢

wy,; | Patience Time of class ¢

Ye reciprocal mean of patience time of class ¢

ve,; | Service Requirement of class ¢

) reciprocal mean of service requirement of class ¢

B.2 State Spaces

’ M \ The space of non-negative Borel measures on [0, c0) ‘

B.3 State Variables

Arrival time of job j of class ¢

Be,; | Service entry time of job j class £

reneging time of job j class £

State Vector

Ty backward recurrence Time class ¢

Q set of jobs in queue class ¢

Qy number of jobs of class ¢ waiting in queue
current waiting time of job j class ¢

a age of the job in service

I(t) | class of the current job in service at time ¢
J(t) | index of the current job in service at time ¢
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B.4 Constants

L | number of different classes
pe | weight of class £ in DROS algorithm
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